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Longitudinal forces in continuously welded rails due to
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Dina Rubiana Widarda
Abstract
The use of continuously welded rails (CWR) governs the longitudinal stress caused by seasonal
temperature changes, bending of supporting structure and braking/accelerating due to passing
trains. Those three loads have been regulated in Eurocode1 and accomplished by the national
codes like DIN Fb-101 in Germany. An additional loading case identified and treated in this
thesis is the load due to a change of the coupling stiffness in longitudinal direction between the
track and bridge. This additional load occurs as a consequence of the employment of a nonlinear
stiffness law which increases the restoring force by a factor of 3 when the situation of the track
changes from ‘unloaded’ to ‘loaded’ due to a passing train. This particular phenomenon has not
been mentioned in the codes so far though it is a natural consequence of fundamental conditions
in those codes.
For CWR the longitudinal coupling between the rail and bridge plays an important role. This
coupling interface is created either by a ballast, for a ballasted track, or by a fastening system
in the case of slab track. The deformation state of the coupling interface characterizes the
behaviour of the system, whether elastic or plastic. Therefore, the nonlinear behaviour is valid
for the system. To accommodate the nonlinear nature, a sequential loading analysis is used,
taking into account the loading history.
As the change situation due to a passing train happens in a short time, the influence of the
mass acceleration should be taken into account in the system’s equilibrium. This aspect is
investigated by treating the dynamic load as an impulse-like load. However, a realistic load
needs some time to affect the whole bridge, thus the continuous change of stiffness is used to
simulate the dynamic analysis.
There is a lack of information on determining the value of coupling stiffness in longitudinal
direction caused by a passing train. Therefore, it is important to evaluate the coupling stiffness
from field measurements in order to find reliable values.
The implementation of the load onto several typical bridges shows that the change of the cou-
pling stiffness increases the stresses and it should not be neglected. The evaluation of the load
due to a change of the coupling stiffness accompanied by bending of the supporting structure
gives satisfactory results by using the static analysis only. Thus, a dynamic analysis can be
avoided.
Multiple cycles of passing trains occurring after seasonal temperature change indicate a signifi-
cant increase of elastic parts along the track-bridge coupling interface and a decrease in stresses
in the rails. Thus the danger of deterioration is reduced significantly.
Keywords: Track-bridge interaction, Eurocode1, nonlinear stiffness law, coupling interface,
longitudinal force, load sequence with deformation history.
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Längskraftbeanspruchung von durchgehend geschweißten Schienen bei
nichtlinearer Gleis-Tragwerk Interaktion für Lastkombinationen
Dina Rubiana Widarda
Kurzfassung
Die Verwendung von durchgehend geschweißten Schienen auf Brücken führt zu zusätzlichen
Längsspannungen infolge der Lastfälle jahreszeitliche Temperaturänderung, Brückendurch-
biegung und Bremsen/Anfahren. Diese drei Lasten sind durch den Eurocode 1 vorgegeben
und in die nationale deutsche Norm DIN Fb-101 integriert. In dieser Arbeit wird erstmals
ein weiterer Lastfall identifiziert und behandelt, der durch den Wechsel der Koppelsteifigkeit in
Längsrichtung zwischen Gleis und Tragwerk bei der Zugüberfahrt begründet wird. Dieser Last-
fall wird hier mit „Ruck“ bezeichnet und ist eine zwangsläufige Konsequenz des nichtlinearen
Längsverschiebewiderstandes, wie er im EC 1 und im DIN Fb-101 vorgegeben ist. Dennoch
wurden die Auswirkungen auf das Systemverhalten bisher nicht untersucht.
Bei einem Wechsel vom unbelasteten Gleis zum belasteten Gleis während einer Zugüberfahrt
erhöht sich zum Beispiel der Längsverschiebewiderstand für ein Schottergleis um den Faktor 3!
Die dadurch bedingte Veränderung des Zusammenwirkens zwischen Gleis und Tragwerk führt
zu einer Veränderung des Systemzustandes und damit zu veränderten Schienenspannungen.
Für durchgehend geschweißte Schienen spielt die Längskopplung zwischen Schiene und Brücke
eine wesentliche Rolle. Beim Schottergleis wird sie dargestellt durch die Einbettung des Gleis-
rostes im Schotterbett im Zusammenwirken mit der Schienenbefestigung. Bei der festen Fahr-
bahn durch das Befestigungssystem. Für kleine Deformationen ist die Koppelsteifigkeit pro-
portional zur Relativverschiebung zwischen Gleis und Brücke. Darüberhinaus geht das linear
elastische Verhalten in ein quasi plastisches Verhalten mit konstanter Koppelkraft über. Fol-
gerichtig ist die Behandlung einer Lastenfolge nur in inkrementeller Weise unter Einbeziehung
der Verformungsgeschichte mechanisch korrekt.
Die Lastfälle Bremsen/Anfahren, Brückendurchbiegung und Ruck ereignen sich nur während
der Zugüberfahrt; also in relativ kurzer Zeit, dann allerdings mit einem erheblichen Last-
gradienten. Somit stellt sich die Frage nach dem Einfluss der Massenbeschleunigungen, die
in dieser Arbeit geklärt wird.
Die im Fachbericht genannten Werte für den Längsverschiebewiderstand des belasteten Gleises
basieren auf einer relativ geringen Datenmenge. Aus diesem Grund werden die Messdaten
einer umfangreichen Feldmessung mit Zugüberfahrten zu Aussagen über den Längsverschiebe-
wiederstand herangezogen und die Problematik derartiger Messungen beleuchtet.
Die unterschiedlichen Modellierungen des Lastfalls „Ruck“, einmal rein statisch und zum an-
deren dynamisch, ergeben übereinstimmende Schienenlängsspannungen für die statische und
die kontinuierliche dynamische Variante. Somit kann auf die aufwändige dynamische Analyse
verzichtet werden.
Mehrere Zyklen von Zugüberfahrten im Anschluss an eine jahreszeitliche Temperaturänderung
bewirken einen signifikanten Abbau der Durchrutschbereiche, also eine Erhöhung der elastis-
chen Abschnitte in der Koppelfuge zwischen Bauwerk und Gleis verbunden mit einer Abnahme
der Schienendruckspannungen.
Somit hilft dieser Effekt dem System, der jahreszeitlichen Temperaturänderung zu widerstehen.
Schlüsselwörter: Gleis-Tragwerk Interaktion, Eurocode1, Nichtlinearer Verschiebewiderstand,
Durchschubwiderstand, Lastfolge mit Verformungsgeschichte
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Part I
Background
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1 Introduction
Nowadays train speed increases progressively, and thus continuously welded rails (CWR) be-
come more and more important. Only CWR provide serviceability because the deformation of
joints can cause deterioration of the track’s geometry and in turn result in the need for inten-
sive maintenance of the joint. On the other side, the longitudinal stresses of CWR should be
restricted in order to provide safety and stability. Some works, especially concerning stability,
are presented in [45, 46, 57]
The stresses σ in CWR due to temperature change ∆T are directly related to the stresses σ =
αE∆T . However, if the track is resting on a deformable underground such as a bridge, the
homogeneous situation is disturbed and the track-bridge interaction has to be analysed.
In this context, longitudinal loads are of special importance. They are caused by temperature
change and the bending of the bridge deck, braking/accelerating and a sudden change of the
coupling interface. The coupling interface plays an important role here, since it couples the
rail and bridge elements, and its presence enables the rail and bridge to interact. The coupling
interface is provided by a ballast, if there is any, or by the fastening system as described in
Fig.1.3.
The investigation of longitudinal loads and their influence on forces in CWR on bridge decks
has been discussed intensively in the last 20 years. Initiated by UIC-Recommendation 774-3R
in 1995, the European Committee for Standardization (CEN) released Eurocode 1(EC-1)[24] in
2003 which provides information on loads on bridges, design methods and approaches today.
The norm provides a common set of rules which should be specified in national annexes like
DIN-Fb101[17] in Germany, and all together will harmonize national norms throughout Europe.
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Fig. 1.1: Nonlinear stiffness law as relationship between resistance and relative displacement
according to DIN FB-101[17].
In order to make a convenient computational effort, the Codes, such as EC-1[24] and DIN-
Fb101[17] provide the nonlinear stiffness law as a relationship between resistance and dis-
placement, described by bilinear functions. The functions vary according to the type of track
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Fig. 1.2: System plot of a track/structure model.
structure and the loading situation adopted (Fig.1.1). The DIN-Fb101 recommends a value of
20 kN/m for ballasted track and 30 kN/m for unballasted track, both in an unloaded condition.
Accordingly, the value of 60 kN/m is given for the loaded condition due to passing trains, for
both a ballasted and unballasted track. Thus, equilibrium of forces change from the unloaded
to loaded situation as the train passes with the increment of the restoring force from 30 kN/m
to 60 kN/m, or increased by factor of 2 for an unballasted track, whereas the ballasted track
amplifies the restoring force from 20 kN/m to 60 kN/m, or by factor of 3. This transitional
situation happens in a short period of time, and consequently will produce additional forces.
This dissertation will evaluate the force equilibrium of the system in the transitional situation by
means of the change in the mechanical properties of the coupling interface between the track and
bridge deck. Although this effect is a clear consequence of the stiffness law, the phenomenon is
not mentioned in the codes, so far. In addition, only some authors like Kupfer[53, 54] and Ruge
et.al.[79] have addressed this subject.
A new aspect treated in this dissertation is devoted to studying whether a change in the coupling
stiffness causes significant dynamic forces from mass accelerations.
A comprehensive treatment of longitudinal stresses, in general, is presented in books of Frýba[31]
and Esveld[21] and discussed in papers such as [79, 77, 78] and conference proceedings [80,
84]. In this context, the longitudinal force is caused by temperature change, bending, braking
and accelerating. The works mentioned above have demonstrated that each of the loads can
cause remarkable longitudinal stresses.
In accordance to codes [24, 17], the system is treated separately for each of the loads in a non-
linear manner, then the total stress is found by linearly summing up the single results. However,
this is against the nonlinear character of the system.
Reference [79] introduces the nonlinear treatment of several loading cases. Here, the loading is
treated sequentially, one after another. This process builds a memory system which uses the de-
formation history from previous loads as an input to evaluate the actual loading system. Then,
the total stress is produced by incrementally adding the stresses during the whole load history.
Treating the load combination as a linear summation produces a bigger stress than treating it
in nonlinear manner. In fact, it leads to the safe side result, but in some cases it leads to the
requirement of inserting an expansion device at the free end of the bridge (Fig. 1.2).
This thesis uses the nonlinear combination for a resulting stresses to bring the nature of the
system into a more realistic situation.
In Ruge[79], the nonlinear sequential loading scheme is formulated analytically. However, the
governing number of loading sequences leads to a complex and uncomfortable exact formu-
lation. Therefore, this dissertation establishes a fully discretized formulation; quadratic in the
space domain and linear in the time domain.
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Fig. 1.3: Track-bridge structure. a)Ballasted track. b)Unballasted track.
1.1 Literature overview
1.2 Track-bridge interaction
The use of CWR provides a maintenance-free track when compared with the conventional rail.
The latter consists of joints that lead to the high deterioration of the railway track structure
as train speeds increase. On the other hand, the lateral stability of CWR should be suffi-
cient enough to prevent lateral buckling arising from the development of compression forces
caused by a change of temperature. This topic was discussed in the early 80s in papers such
as [48, 33, 34, 69, 70]. In 1983, the Office for Research and Experimental (ORE, now the Eu-
ropean Rail Research Institute, ERRI), of the International Union of Railways (UIC) published
the theory and application of CWR over bridge structures subjected to the temperature change
in the rail and bridge [11]. The implementation of more loads, such as braking and acceler-
ating was presented by Heppding[41] which focussed on stresses on several types of bridges.
Pahnke[67] completed a study on the influence of the bending of the supporting structure on the
longitudinal stress of the rail. The study, involving the realistic bridge structure, is presented in
[18, 19] and summarized in [20] and [21].
Bösl[6] completed an investigation on longitudinal deformation due to a change of axial stress.
The work focusses on track stability caused by repetitive loads created by a change in tempera-
ture. In this work, the loading history is taken into consideration.
The interaction between track and bridge has been mentioned in UIC774-3R[93] by introducing
a bridge under a CWR track. The considering aspect is that the bridge provides displacements
and movements causing displacements of the track.
Other works that deal with an overview on the practical design concerning the track bridge
interaction are discussed in [4, 7, 62]. The latter work illustrates the track-bridge interaction
where the bridge supports an embedded rail track.
A large amount of degrees of freedom in calculations has been made possible by the rapid pace
of computer development in the last decade, and as a direct result, the finite element method
becomes the most favorable method. In [84] the coupling interface between the track and the
upper surface of the deck is simulated by means of rigid bars. Here, the track-bridge system
is evaluated with regards to its dependency on different spring stiffnesses. However, the indi-
vidual treatment of the nonlinear system is linearly summed up to produce the total result as
recommended in EC-1[24].
The use of the beam element consisting of 2 translational and rotational displacements on 2
5
Fig. 1.4: Track structure model used by Simões et.al. [84]
nodes to represent the rail and deck as shown in Fig. 1.5 is used in [81]. Furthermore, the
nonlinear combination is applied to find the total response from individually analysed systems
through the use of a step by step nonlinear equations.
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Fig. 1.5: Rail-deck element model used by Sanguino and Requejo [81]
In [86] a more complicated model with a 3-dimensional meshing of the system, as described in
Fig.1.6, presenting the rail, ballast and bridge is demonstrated. The rail element is modeled as a
beam element, and the ballast and sleepers are idealized by using the beam elements on a two-
parameter elastic foundation, and in addition, the bridge deck is presented by a shell element.
Then, those three types of elements are integrated to build the system.
Ballast (Winkler spring)
Bridge deck
Ballast (beam element)
Sleeper (beam element 
on Winkler spring)
Fig. 1.6: Track structure model used by Song et.al. [86]
Apart from discussions concerning longitudinal forces on the rail involving the track-bridge in-
teraction mentioned above, some researchers have studied the interaction between track-bridge
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and the wheel-axle load from a passing train. The use of a track-bridge-vehicle element is
introduced in [8, 101, 100]. Here, the rails and the bridge deck are modeled as linear elastic
Bernoulli-Euler beams while the elasticity and damping properties of the rail bed are repre-
sented by a series of springs and dampers. As a result, the dynamic magnification factors
(DMF) for vertical displacement and bending moments of both bridge and railway track are
presented as the function of the train’s velocity. Conformed to [8], a similar model is presented
in [5]. The latter used the substructuring method to solve the equations. The rail, bridge and the
moving train are defined as three substructures.
Timoshenko beam elements are used in [23] for modeling track structural components such as
rails, sleepers and concrete slabs. The elastic interface layers are represented by distributed
spring and damper combinations, which can be used to model railpads, ballast (mats) or elas-
tomers.
Instead of modeling the rails and its elastic bed in the system, several works like [102, 104, 103,
105] completely neglect the existence of the elastic effects of the ballast, railpads and fasteners.
The authors assume that there is no relative displacement between the track and bridge deck.
The interaction of train-track-bridge systems in [108] takes only the bridge into the structural
model. Here, the train and track are represented by contact forces which originate from the
suspension mechanism of the vehicles.
Some researchers deal with the wheel/rail interaction, as presented in papers [106, 22, 87, 68,
58, 88]. The vehicle model is supported on double-axle bogies and is described as a lumped
mass system comprising the vehicle body mass. In the track model, the rail is treated as an in-
finitely long beam discretely supported at rail/sleeper junctions by a series of springs, dampers
and masses representing the elasticity and damping effects of the railpads, the ballast, and
the subgrade, respectively. Shear springs and dampers are also introduced between the bal-
last masses to model the shear coupling effects in the ballast.
The work by Mazilu[60] is of interest, here. In this study, the longitudinal deformation is
taken into account while it is normally omitted by other authors. To illustrate this phenomenon,
Mazilu uses a moving wheel on a discretely supported rail model and considers the vertical and
longitudinal dynamics of the rail coupled to the railpads. For the vertical dynamics, the rail
is treated as a uniform infinite Timoshenko beam. For longitudinal dynamics, the rail is taken
as a uniform, infinite bar. The sleepers are represented as rigid bodies with three DOFs; two
translational displacements (longitudinal and vertical) and one rotation.
Since 1999 there is a strong cooperation between German Railways and TU Dresden, Chair of
Structural Dynamics, on track-bridge interaction in longitudinal direction. Starting with [91],
the research focusses on longitudinal forces on a railway track over the bridge under braking
and accelerating forces. The FE-program for dynamic simulation is developed and the results
are compared to the field measured data. Following this research, the spectral assessment of
mesh adaption is investigated and presented in [92] for the optimal use of the FE interpolation
function.
The implementation of nonlinear combination for loading cases is then introduced. Here, the se-
quence of loadings is the important aspect to be considered. The loading combination is treated
with respect to sequentially applied loads; temperature change in the supporting structure fol-
lowed by the sudden change of the coupling stiffness accompanied by braking. The works are
presented in a series of papers [79, 77, 76] and seminars or workshops [75, 80].
In addition, the longitudinal stresses due to the bending of the supporting structure by means of
equivalent strain caused by temperature change is presented in [78], which is described by the
FE solution.
7
1.3 Elastic coupling element
The longitudinal coupling between track and bridge plays an important role in the track-bridge
interaction. Here, the coupling element is presented by railpad and ballast if they are exist or by
the presence of a fastener system. Researchers completed several investigations on the stiffness
of the coupling interface and its components.
Grassie et.al. present a series of works on experiments concerning the response of a track to
vertical [38], lateral [39] and longitudinal [40] dynamic forces. In these papers, the sleeper and
railpads are analysed by means of two models; a ‘discrete model’, in which the rail is supported
by sleepers at discrete intervals, and ‘continuous model’ which replaces the sleeper, railpads
and ballast by continuously distributed layers. In the experiment, the response of the track to
vertical excitation exhibited a larger stiffness of both the rail pad and ballast in comparison to
the shear stiffness in longitudinal direction.
Knothe presents a comprehensive discussion concerning vehicle-track interaction in [50]. In
comparison to his works, other studies completed at that time are also summarized.
The laboratory tests concerning vertical stiffness of the railpad are presented in [27, 43, 51, 90,
99, 52, 65, 72, 66, 59]. The dynamic stiffness of the railpad is evaluated by a statical preload
which corresponds to the load applied by rail fastenings.
Reference [89] evaluates the ballast and railpad stiffness through the noise generated by the
roughness of the wheel and rail which uses a full-scale running test.
Investigations which use the full-scale track system to study ballast resistance are presented in
[94]. There, the resistance between rail and sleeper is compared with that between the rail and
ballast panel. The latter illustrates higher resistance for smaller vertical loads.
The behaviour of the ballast layer is investigated numerically by Ricci [73]. The ballast and
subgrade are modeled as discrete and continuous models, respectively. The dependencies of the
vertical deformation to the stiffnesses of ballast and subgrade are shown, with the velocity of a
moving train included as an additional parameter.
A laboratory test on rail fastening systems is presented in [95]. In this test, the rail fastening
systems are tested both statically and dynamically without any loads from a train.
In order to have a simplified model system, some researchers, like Wu[100], characterized the
coupling stiffness of ballasted track by means of a single-spring, whereas others use a combi-
nation of multiple springs to represent the railpad, ballast and subgrade like Zhai[107, 106] ,
Esveld[22] and Mazilu[60].
1.4 Scope of this work
This work is devoted to an extensive study of the longitudinal forces in CWR due to nonlinear
track-bridge interaction and places a special emphasis on a consistent description of the change
of coupling stiffness in the interface between the track and bridge deck. The main intention of
the formulation developed in this work is to show the importance of the change of the coupling
interface when the train passes.
The investigation on change of mechanical properties of coupling interface when the train
passes and its influence on the longitudinal force in the rail was formulated and firstly pub-
lished by Ruge et.al. in [79]. There, the analysis is devoted to a static situation.
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In reality, the change of the coupling stiffness happens in a rather short time-period governed by
the passing of a train across the bridge. A new aspect presented in this report is the effect due
to mass-accelerations involved in the system under dynamic loading. The dynamic treatment
can be realized by means of a sudden change of the coupling forces, a so-called impulse-like
load which acts within a specific instant of time. However, the passing train affects the whole
bridge, in loaded condition, for quite some time. Thus, the continuous change of the coupling
stiffness is a more realistic alternative to simulate the loading.
Considering the nonlinear behaviour of track-bridge interaction, a correct combination which
involves the deformation history is elaborated in this thesis. It is characterized by a finite ele-
ment formulation using a quadratic interpolation in the space domain and a linear interpolation
in the time domain.
In order to investigate the importance of including the mass-acceleration into this system, the
evaluation must be done statically as well as dynamically.
In order to present the report systematically, it will be divided into four parts. The first part
describes the background including the introduction, the literature overview and outlines the
scope of this work. The second part explains the methodology used to solve the problem, which
consists of general remarks regarding the track-bridge interaction, the influence of load and
deformation history on the following load which is defined in an incremental finite element
formulation.
One important aspect to be considered is the verification of the coupling stiffness given in EC-
1[24] by means of a field measurement. The work focusses on developing the system model,
deriving the formulation and verifying the coupling stiffness. The identification of realistic
values for the coupling stiffness from measured data is presented in Ch.5.
The implementation of a mathematical model into the realistic track-bridge structure is pre-
sented in the third part of this thesis. The track-bridge system is illustrated by three typical
bridges: a simply supported bridge (Ch.6), a continuous bridge (Ch.7) and a multi-deck bridge
(Ch.8). The track-bridge system experiences longitudinal forces which are caused by seasonal
temperature change, braking and bending of the supporting structure and the change of the
coupling stiffness during passing trains.
The modern unballasted track, also known as a slab track, as well as the classical ballasted track
are used to develop the model.
The dependencies of maximum stresses in the rail of ballasted track with respect to different
spring stiffnesses will be studied by including the span of the bridge as an additional parame-
ter in Sec.6.3. In addition, the distribution of elastic and plastic parts in the interface between
bridge deck and track is also presented.
In order to investigate the influence of different restoring forces on a loaded situation, the longi-
tudinal rail stresses are evaluated by treating a simple bridge structure in Sec.6.3.3 and a triple
deck bridge structure in Sec.8.2.1.
A particular example is presented in Ch.9, where an existing double track bridge is analysed
numerically. The bridge supports 2 different tracks; a ballasted track and slab track. On both
tracks, different nonlinear stiffness laws are valid. As both tracks are coupled by means of
a common bridge deck, loading one track will affect the other one. Thus, the dependencies
of maximum longitudinal stress on both tracks caused by a passing train on one track will be
studied in this chapter.
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Here, the effect of train passing on one track onto the neighbouring track will be studied in
Sec.7.1 and Ch.9.
In reality, the track-bridge system will experience repetitive loads caused by sequential passing
trains. The influence of multiple passing-cycles on the rail stresses is illustrated by means of a
simple bridge supporting a slab track structure in Sec.6.1 and by a 3-deck bridge in Sec.8.2.
In Ch.10, measurements from a bridge along the high-speed line Nuremberg-Ingolstadt are
taken in order to evaluate the coupling stiffness in accordance with Ch.5.
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Part II
Methodology
11

2 Track-bridge interaction
2.1 Review on nonlinear load combinations
This section is devoted to nonlinear combinations in nonlinear systems.
Consider a nonlinear structural system which is divided into part load f1 with solution u1 and
part load f2 with solution u2. The system’s solution ut for the total load (f1 + f2) cannot be
calculated by adding the solution from each part linearly:
ut = u(f1 + f2) 6= u1 + u2. (2.1)
In order to obtain the solution in a nonlinear combination, the total displacement can be rep-
resented as a sum of solution parts. Here, the deformation ∆u describes the incremental de-
formation caused by the second part load f2, which follows the part load f1, relative to the
deformation u1 caused by part load f1.
u = u1 +∆u. (2.2)
An illustration is applied to a scalar nonlinear problem having f1 as a first load with its corre-
sponding deformation solution u1:
NL[u] = K1u+K2u
2 +K3u
3 = f,
NL[u1] = f1. (2.3)
For the system described above, there is an incremental deformation ∆u produced by the second
part load f2 presented in Taylor series.
d
du
{NL[u]} |u1∆u+
d2
du2
{NL[u]} |u1
∆u2
2
+
d3
du3
{NL[u]} |u1
∆u3
3
= f2. (2.4)
By substituting the function NL[u] in equation (2.3) into the series yields an equation f2 which
has a different form in comparison with the original one f1 in Eq. (2.3):
(K1 + 2K2u1 + 3K3u
2
1)∆u+ (K2 + 3K3u1)∆u
2 + (K3u1)∆u
3 = f2; (2.5)
ut = u1 +∆u; f = f1 + f2.
f1 : first loading,
f2 : second loading.
In this report, the illustrated scheme of nonlinear combinations will be implemented to anal-
yse the sequential loading. Accordingly, the procedure will be applied to produce both exact
(Chap.3) and finite element (Chap.4) formulations as well as the discussion of examples in
Chaps. 6-9.
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2.2 Available stress capacity
Additional stresses in CWR on a bridge should not exceed the admissible stress capacity as per
DIN-Fb 101[17]
σtension = 112 N/mm2, if bending is considered as load-case;
σtension = 92 N/mm2, if bending is neglected;
σcompression = 72/92 N/mm2, buckling ballasted track/slab track.
(2.6)
The admissible stresses above are based on the total available rail stress
σsafe = 470 N/mm2 (2.7)
reduced by residual stress
σE = 80 N/mm2, (2.8)
bending tensile stress due to wheel load Q
σQ = 158 N/mm2, (2.9)
and stress resulting from temperature change on the rail considering the elasticity modulus E =
2.1 ·105 N/mm2, the temperature difference ∆T = 50K and thermal coefficient α = 1.15 ·10−5
σT = Eα∆T = 120 N/mm2. (2.10)
Reducing the safe rail stress σsafe stress yields an admissible margin for the increase of rail
stress due to the track-bridge interaction.
σtension = (470− 80− 158− 120) = 112 N/mm2. (2.11)
In accordance to Codes; EC-1[24], as well as DIN-Fb101[17] and UIC774[93], additional
stresses resulting from track-bridge interaction which is larger than the permissible values
should consider the use of expansion devices. Since highly dynamic loads occur when a train
passes, the existence of an expansion device would require intensive maintenance.
DIN-Fb101 uses the classical safety concept where the safety is determined by a global safety
factor ν:
Ssafe =
R
ν
, (2.12)
both available strength (Ssafe) and resistance (R) are deterministic. This classical deterministic
safety concept is still used today.
A more modern safety concept is already applied in structural steel design, for example DIN
18800[82]. This method uses a semi-probabilistic approach. Deduced from this concept, any
action F produces the design value Fd by multiplying the characteristic action Fc by a partial
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safety factor γF :
Fd = Fc · γF . (2.13)
If several actions F1,F2, . . . FN have to be treated, they are combined by individual combination
factors ψ1,ψ2, . . .ψN . Thus Eq.(2.13) becomes
Fd = Fc1 · γF1 · ψ1 + Fc2 · γF2 · ψ2 + . . .+ FcN · γFN · ψN . (2.14)
From the material side, the design value of resistance Md is produced by dividing the charac-
teristic value Mc by a partial safety factor γM :
Md =
Mc
γM
. (2.15)
For practical engineering applications, the characteristic 5%-quantile values are given in the
code. For example, the characteristic strength Sc is obtained from the yield strength as shown
in Fig. 2.1:
Sc = Sm − 1.645 · σS; (2.16)
Sm : mean value,
σ2S : variance.
Sm
f(S) Sc=Sm-1.645 σS(5%-quantile)
SSc
Fig. 2.1: Characteristic values
2.3 Basic assumptions on track-bridge interaction
The theoretical solution of the problem of interaction between CWR and a bridge is based on
the following assumptions:
1. The rail is considered to be a continuous longitudinal bar which is coupled to the bridge
by means of ballast if there is one or fastening system in case of ballastless track/slab
track. This coupling is characterized by a continuously distributed stiffness c
[
N/m2
]
, as
15
described in Fig. 2.2. In accordance to EC-1[24] this value c depends on whether the
track is loaded or not:
cu [N/m2] for unloaded track,
cl [N/m2] for loaded track.
(2.17)
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Fig. 2.2: Theoretical model of a simple bridge with CWR
2. The behaviour of the coupling interface is characterized by 2 particular situations: elastic
where the coupling allows an interaction between rail and bridge elements, or plastic
where the rail-part is slipping, thereby the track-bridge interaction becomes inactive.
An elastic coupling between bridge and rail can be visualized as a coupling shear-element
subject to a relative displacement uD as shown in Fig. 2.4(b).
uD = uR − uB for |uR − uB| < u˜,
uD = u˜ sign (uR − uB) for |uR − uB| ≥ u˜, (2.18)
where uR denotes the longitudinal displacement of the rail and uB refers to the longitudi-
nal displacement of the upper surface of the bridge (Fig. 2.4(a)).
One important characteristic of the track-bridge system is that the deformation uD of
the coupling interface is limited to a critical value u˜. Below this limit, a linear elastic
relationship between the displacement difference uD and the longitudinal restoring force
q as shown in Figure 2.4 is valid.
Unloaded track : qu = −cuuD,
Loaded track : ql = −cluD; |uD| ≤ u˜. (2.19)
Here, a positive force +q is assumed to act on the rail if the displacement of the former is
smaller than that of the bridge; consequently −q acts onto the bridge.
Above ±u˜ the rail is slipping relative to the ballast or concrete strip. The corresponding
nonlinear stiffness law for the ballasted and slab track is shown in Fig. 2.3. The latter
illustration indicates that a situation where the rail slips relative to the coupling element
corresponds to a constant longitudinal restoring force q˜:
q = q˜ = −c · sign (uR − uB) u˜ for |uR − uB| ≥ u˜. (2.20)
However, Eq. 2.20 is valid only for a virgin track-bridge system, which has not under-
gone any previous deformation. For a sequence of loading cases the situation is more
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complicated, as will be explained in Sec. 2.4.
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Fig. 2.3: Nonlinear stiffness law for rails UIC 60 and sleepers B 70 W
3. In reality, a CWR has an infinite length, however it can be represented by an elastic spring
as described in the typical track-bridge system shown in Fig. 2.4. A rail with longitudinal
stiffness EA is resting on a bridge structure of length l. On the left-hand side abutment
(point A) the horizontal bridge movement is restrained by an elastic support, modeled as
a spring, with stiffness kA
[
N
m
]
. On the right-hand side abutment (point B) the horizontal
displacement of the structure is enabled by a free movable bearing. Two elastic springs
k0 = k1 =
√
EAcu
[
N
m
]
represent the track resting on the adjacent dams. However, such
springs of stiffness k0, k1 can only be used in regions where the rail-subsoil interaction is
elastic in any loading history.
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Fig. 2.4: Longitudinal track-bridge interaction.
4. The bridge girder consists of one fixed and one or more moveable bearings, in which
friction is neglected. The moveable bearing enables the bridge to expand or move freely
under temperature changes.
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5. The bridge is not influenced by the rails during changes in temperature, but in contrast,
the deformation of the bridge induces rail stresses.
6. As the bridge deck experiences bending caused by passing trains, the bending slope of
the supporting structure will affect the rail in longitudinal direction.
2.4 Elastic capacity
This section focusses on the elastic capacity which remains in the system after experiencing
loading from a preceding subsequence. The term of elastic reservoir was first introduced in
Ruge et.al in [79]. The continuous works on nonlinear track-bridge interaction [76, 80] intensi-
fied the use of the available capacity on the system.
The elastic capacity is characterized by:
the capacity provided by the system to remain in elastic condition due to actual loading.
Figure 2.5(a) defines the relative displacement of rail and bridge uR − uB. When the relative
displacement does not exceed the critical value u˜, the coupling interface is characterized as
elastic. When the relative displacement exceeds the critical value, the rail will slip and the
coupling interface is no longer active. The situation is then denoted as ‘plastic’ or ‘slip’. In the
slip condition the coupling interface will retain its deformation of |u˜|.
The relative deformation uD of the coupling interface is restricted to u˜ as:
uD = uR − uB, if |uR − uB| < u˜;
uD = u˜, if |uR − uB| ≥ u˜, (2.21)
as illustrated in Fig. 2.5(b).
Fig.2.5(c) explains the elastic capacity κl and κr for additional deformation to the left and right
side, respectively. The elastic capacity is closely related to the coupling interface deformation in
Fig.2.5(b). Starting from the left plastic region of Fig.2.5(b), the coupling interface reaches the
maximum deformation in a ‘negative’ direction. The system cannot deform any further in the
same direction. In contrast, the deformation up to 2u˜ is available in the opposite direction, until
it reaches the ‘positive’ maximum deformation. The elastic condition provides possibilities for
the element to deform whether in the same or in the opposite direction. The sum of preceding
and additional deformations in both directions is restricted to u˜ as follows:
uD + κ ≤ |u˜|;
−uD − u˜ ≤ κ ≤ −uD + u˜. (2.22)
Deduced from (2.22), the capacity can be defined as the positive capacity :
κr = −uD + u˜, (2.23)
or the negative capacity :
κl = −uD − u˜. (2.24)
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Fig. 2.5: Deformation situation after a preceding loading case after Ruge et.al. [79] (a) dis-
placement difference (uR − uB), (b) deformation uD of the coupling interface and (c)
corresponding available capacity for a subsequent elastic deformation.
Plotting the elastic capacity κ gives the band a width of 2u˜. Consequently, the additional defor-
mation will be elastic if it lies in between the band of elastic capacity κ.
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3 Exact formulation
This section is devoted to formulate the track-bridge interaction mechanism described in the
previous Sec.2.3.
The discussion begins by writing down the basic equation of the bar element subjected to lon-
gitudinal forces. Then, the basic formulation is applied to simulate the realistic condition; in
this case a seasonal temperature change is derived. By involving the exact solution from the
preceded load case, the solution due to an actual load is formulated. In this case, the change of
the coupling stiffness will be used to describe the influences of loading history. Derivation has
been shown already in [79] and is included here for the sake of completeness.
Shortly, the loading sequence above can be summarized as:
1. seasonal temperature change,
2. change of the coupling stiffness.
In reality, the passing train changes the coupling interface from an ‘unloaded’ to ‘loaded’ situ-
ation, and at the same time, it causes bending of the supporting structure. Here, the load due to
bending of the supporting structure is not written in the exact formulation.
3.1 Bar on elastic foundation
Consider a part of the rail with an infinitesimal length of dx in Fig. 3.1. The forces acting on
the element are a distributed load px and a uniformly distributed load due to elastic stiffness pu
which is directly proportional to the longitudinal deformation u(x) of the bar
pu = c · u(x). (3.1)
Taking an equilibrium of all forces
−L+ px − pu + (L+ dL) = 0, (3.2)
yields
−dL+ pu = px. (3.3)
From kinematic relationships and elasticity’s law for bar element which is formulated as
ε =
du
dx
= u′(x) and ε =
σ
E
, (3.4)
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Fig. 3.1: Bar element of infinitesimal length dx on elastic stiffness.
respectively, the longitudinal force equilibrium can be obtained by means of stress σ =
L
A
:
L = EAu′R(x), (3.5)
where EA is the longitudinal stiffness and uR is the deformation of a rail element. Introducing
the longitudinal force L in Eq.(3.6) into Eq. (3.3) yields
− EAu′′R(x) + pu = px. (3.6)
On its implementation in a ballasted track, the coupling stiffness layer c in Fig.3.1(a) is charac-
terized by the combination of 2 serial springs as shown in Fig.3.1(c), that are:
– coupling between rail and sleeper (c1),
– coupling between sleeper and subgrade or bridge (c2).
Considering the rail is resting on a flexible bridge, the coupling force acting on the bridge
is defined by means of relative deformation uD to the supporting structure as prescribed in
Eq. (2.18). The elastic situation is plotted in Fig 3.2, in which uD = uR − uB contains the
displacements of the rail and bridge, respectively.
Finally, substituting pu = cu · uD into Eq. (3.6) yields the differential equation for the bar
subject to the longitudinal forces px
−EAu′′R + c uD = px. (3.7)
The differential equation (3.7) describes any situation; either elastic coupling
−EAu′′R + c (uR − uB) = px (3.8)
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px
Fig. 3.2: Forces acting on a rail; coupling interface is in elastic condition
or plastic coupling
−EAu′′R = −c u˜ sign(uR − uB) + px. (3.9)
Notation sign refers to the direction of the restoring force.
The comprehensive explanation is presented in [83] or referred to the summarized equation in
Ref. [61].
The equilibrium of longitudinal forces of the track-bridge element is described in Fig. 3.3.
Here, the sticking coupling interface behaves elastically and enables the track and bridge to
interact, as shown in Fig. 3.3(a). The coupling interface behaves plastically when it slips. In
that case the interaction between rail and bridge is inactive, as shown in Fig. 3.3(b).
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Fig. 3.3: Longitudinal forces equilibrium at the track-bridge element.
3.2 Temperature change of the supporting structure
This loading case is characterized by an imposed deformation of the bridge structure:
uB = uA + α∆Tx, (3.10)
as described in Fig. 3.4. Notation uA describes a displacement at point A where the elastic
spring is located. The thermal coefficient is denoted by α, the temperature difference is denoted
by ∆T , and x is the coordinate of the element.
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Applying temperature load Eq. (3.10) into the differential equation Eq. (3.8), where the cou-
pling interface behaves elastically
−EAu′′R − c(uB − uR) = 0, (3.11)
yields the solution with two integration constants A and B:
uR(x) = Ae
γx +Be−γx + uA + α∆Tx, γ2 =
c
EA
. (3.12)
Solving A and B with displacements u(x = 0) = u0 and u(x = `) = u1 yields
u0 = uS(x = 0) = A+B + uA,
u1 = uS(x = `) = Ae
γ` +Be−γ` + uA + α∆T`.
Hereafter, the constants A and B can be represented in terms of u0 and u1[
A
B
]
=
1
e−γ` − eγ`
[
u0e
−γ` − u1 + uA(1− e−γ`) + α∆T`
−u0e−γ` + u1 + uA(−1 + e−γ`)− α∆T`
]
. (3.13)
Substituting the two constants into the solution (3.12) and introducing a hyperbolical function
sinh γ` =
1
2
(e−γ` − eγ`) (3.14)
give the solution:
u =
 u0u1
uA
 ,h(x) = 1
sinh γ`
 sinh γ(`− x)sinh γx
− sinh γ(`− x)− sinh γx+ sinh γ`
 , (3.15)
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uR(x) =h
T (x)u+ α∆T
(
x− ` sinh γx
sinh γ`
)
(3.16)
=
1
sinh γ`
[
sinh γ(`− x) sinh γx ] [ 1 0 −1 0
0 1 −1 −α∆T`
]
u0
u1
uA
1

+ uA + α∆Tx. (3.17)
The stiffness formulation Ku = r can be obtained by evaluating the longitudinal forces of an
embedded element
L = EAu
′
R, (3.18)
at the boundary; L(x = 0) = L0 and L(x = `) = L1.
L0 = EAu
′
R(x = 0)
=
EAγ
sinh γ`
 − cosh γ`1
cosh γ`− 1
T u+ EAα∆T (1− γ`
sinh γ`
)
(3.19)
L1 = EAu
′
R(x = `)
=
EAγ
sinh γ`
 −1cosh γ`
1− cosh γ`
T u+ EAα∆T (1− γ` cosh γ`
sinh γ`
)
(3.20)
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Fig. 3.5: Equilibrium of the overall system
By inserting the equilibrium into the overall system in Fig.3.5
LA = L1 − L0 (3.21)
and using the trigonometrical identity
coth γ`− 1
sinh γ`
= tanh
γ`
2
(3.22)
24
in writing equation (3.19)- (3.21) yields the following longitudinal force system:
L = −Keu+ r, (3.23) L0−L1
LA
 = EAγ
 − coth γ` 1sinh γ` tanh
γ`
2
1
sinh γ`
− coth γ` tanh γ`
2
tanh γ`
2
tanh γ`
2
−2 tanh γ`
2
u
+EAα∆T
 1−
γ`
sinh γ`
−1 + γ` cosh γ`
sinh γ`
γ`
sinh γ`
− γ` coth γ`
 . (3.24)
Deduced from Eq. (3.23), the stiffness matrix formulation for one element follows:
Keu = r1 − r2. (3.25)
Ke = k

coth γ`
−1
sinh γ`
− tanh γ`
2
coth γ` − tanh γ`
2
sym 2 tanh
γ`
2
 , with k =
√
EAc, γ2 =
c
EA
, (3.26)
r1 = EAα∆T
 1−1
0
 , r2 = kα∆T`

1
sinh γ`
−cosh γ`
sinh γ`
tanh
γ`
2
 . (3.27)
The above formulae are valid for an element which experiences elastic behaviour and are valid
for a single element. In case where more elements form the system, the formulations above are
valid only for the first element in the row.
Modeling the system as an assemblage set of elements is realistic as plastic and elastic regions
alternate along the system. An embedded element is defined by means of an additional term
α∆Taj:
uB = (uA + α∆Taj) + α∆Txj, (3.28)
in which xj is a local coordinate of the element with length `j as depicted in Fig. 3.6. In
consequence, the analogous solution with Eq. (3.25) occurs by multiplying α∆Taj to the third
column of matrix Ke and then moving the result to the right hand side:
Keu = r1 − r2 + r3. (3.29)
Matrix Ke and vectors u, r1, r2 as prescribed in Eq. (3.26)- (3.27) and there appears an addi-
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Fig. 3.6: Embedded rail element of length `j , with local axis 0 ≤ xj ≤ `j .
tional load vector
r3 = EAγα∆Taj

− tanh γ`
2
− tanh γ`
2
2 tanh
γ`
2
 . (3.30)
In cases where the rail element is slipping relatively to the ballast or to a concrete strip, the
coupling interface is inactive and then the constant longitudinal restoring force (2.20) is applied.
−EAu′′R = −cu˜ · sign(uR − uB). (3.31)
Solving the differential equation above by means of the displacements u(x = 0) = u0 and
u(x = `) = u1 at the boundaries yields a normalized solution:
uR =
1
−`
[
x 1
] [ 1 −1
−` 0
] [
u0
u1
]
+
cu˜ · sign(uR − uB)
2EA
(x2 − `x) (3.32)
Applying a similar procedure as described for an elastic element, result in a plastic coupling
interface formulation
Kp · u = rp, (3.33)
where the third column and row show no coupling towards the bridge-displacement
Kp =
EA
`
 1 −1 0−1 1 0
0 0 0
 , rp = −1
2
cu˜`
 11
0
 · sign(uR − uB). (3.34)
An evaluation of the overall system should include the longitudinal forces L0, L1 in the rail at
the end of the bridge and the longitudinal force LA in the elastic support at point A.
x = 0 : L0 = k0u0,
x = ` : −L1 = k1u1,
A : LA = kAuA.
(3.35)
The change of temperature analysed in this report is caused by seasonal temperature change
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Fig. 3.7: Equilibrium of overall system
from winter to summer without any correlation to the passing train, therefore the formulae above
are derived for the ‘unloaded’ situation.
3.3 Change of the coupling interface due to passing train
When a train is passing, the mechanical properties of the coupling interface between the track
and the bridge deck change from an unloaded track to a loaded track and back to the unloaded
situation. Thus, the system moves into new corresponding equilibrium positions.
The change of the coupling stiffness produces an additional distributed coupling force
q = −∆c · uD, (3.36)
where ∆c is the change of the coupling stiffness:
∆c = cl − cu, for change from unloaded to loaded ,
∆c = cu − cl, for change from loaded to unloaded. (3.37)
The deformation uD from the deformation history as introduced in Sec.2.3 clearly indicates the
starting situation for the following load acting on the system; for |uD| ≤ u˜ elastic coupling
occurs; or otherwise sliding. Thus, the actual following load may change the coupling stiffness
as follows:
– From elastic history to elastic presence due to actual load,
– from elastic history to plastic presence due to actual load,
– from plastic history to elastic presence due to actual load,
– from plastic history to plastic presence due to actual load.
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The analytical solutions for all four situations treated in a statical manner are available. Here,
these solutions are derived for a deformation history from a seasonal temperature change in
the bridge acting in longitudinal direction. For details of mathematical description of the static
solution, the reader is referred to [79].
3.3.1 Elastic coupling during actual load
If a track-bridge part behaves elastically with stiffness cl during the actual load, then the left side
of the corresponding differential equation is governed by the elastic reaction in the coupling
interface due to the increments zB of the bridge and zR of the rail. The right side shows the
difference uD ·∆c caused by the change of the mechanical properties of the coupling interface
−EAz′′R + cl(zR − zB) = −∆c · uD (3.38)
with incremental longitudinal forces
L = EA z′R. (3.39)
The stiffness formulation Kz = r occurs from solving the differential equation by relating the
longitudinal forces at the boundaries of an embedded element to the corresponding incremental
displacements zR(x = 0) = z0, zR(x = `) = z1.
If the difference uR − uB from the previous load is in the elastic domain, then the solution for
the following load, assumed to be elastic, follows from a linear equation with typical differences
between cu and cl on the right side. However, this solution is governed by hyperbolic functions.
Kle · z = −(Kle −Kue ) · u+ (rl1 − ru1)− (rl2 − ru2).
Kle = kl

coth γl`
−1
sinh γl`
− tanh γl`
2
coth γl` − tanh γl`
2
sym 2 tanh
γl`
2
 , with kl =
√
EAcl, γ
2
l =
cl
EA
.
zT =
[
z0 z1 zA
]
, uT =
[
u0 u1 uA
]
.
Kue corresponds to K
l
e with ku =
√
EAcu, γ
2
u =
cu
EA
;
rl1 = klα∆Taj

tanh
γl`
2
tanh
γl`
2
−2 tanh γl`
2
 , ru1 analogous with ku, γu;
rl2 = klα∆T`

1
sinh γl`
−cosh γl`
sinh γl`
tanh
γl`
2
 , ru2 analogous with ku, γu. (3.40)
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A plastic history with |uR − uB| > u˜ followed by an elastic situation during the actual load is
characterized by the typical product u˜∆c on the right side:
Kle · z = rc.
rc =
1
γl
·∆c · u˜ sign(uR − uB) ·
 11
−2
 tanh γl`
2
. (3.41)
An elastic behaviour of the system after a plastic history is surely accompanied by a reduction
of the deformation in the coupling interface.
3.3.2 Plastic coupling during actual load
If a track-bridge part behaves plastically during the actual load with a constant distributed force
q˜ = clu˜ within the coupling interface, then the corresponding differential equation contains no
elastic part on the left side:
−EA z′′R = cuuD − clu˜ sign(zR − zB). (3.42)
If the deformation uR − uB from the previous load is in the elastic domain, then the solution
for the following load, assumed to be plastic, follows from a linear equation with the right side
depending on the deformations u from the history:
Kp · z = (Kue −Kp) · u− rlp sign(zR − zB)− r3 + ru2 − ru1 .
Kp =
EA
`
 1 −1 0−1 1 0
0 0 0
 , r3 = EAα∆T
 1−1
0
 ,
rlp =
clu˜`
2
 11
−2
 , rup analogous with cu, (3.43)
ru2 and r
u
1 had been prescribed in equation (3.40).
A plastic history with |uR − uB| > u˜ followed by a plastic situation, is also characterized by a
constant right side during the actual load:
Kp · z = −rlp sign(zR − zB) + rup sign(uR − uB). (3.44)
The stiffness formulation presented so far allows for an exact solution. However, the final situ-
ation has to be found by means of an iterative process accompanied by a continuous change of
regions with and without slipping.
Subsequent loading cases increase these changes and thus the chain of analytical solutions in-
volved becomes uncomfortable to be managed by a well-organized computer code.
And in addition, the deformations from the history are represented by a quadratic interpolation
instead of using hyperbolic functions.
The analysis presented so far is devoted to the static situation. However, the change of the
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coupling stiffness happens in a rather short time-period governed by the passing of a train across
the bridge. In order to study any effects due to mass-accelerations, these forces are added to the
equation of motion with the density ρ[kg/m] of the track.
− EAz′′R + c(zR − zB) + ρz¨R = q(x, t). (3.45)
Here the exact solutions zR(x, t), zB(t) can be formulated but in the frequency-domain zR(x, t) =
zˆR(x)e
iωt, zB(t) = zˆBe
iωt; however the excitation from the coupling-change is highly transient.
Therefore, a fully discretized formulation will be establish in this thesis: a quadratic formulation
in the space domain and linear interpolation (Newmark) in the time domain.
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4 Finite element formulation
The discretization in the space domain yields in a system of differential equations in the time
domain. The dynamic analysis caused by the change of the coupling-stiffness follows statical
loadings, thus, additional displacements have to be considered which are denoted by z,
M(t)z¨(t) +D(t)z˙(t) +K(t)z(t) = Q(t,u), (4.1)
where mass matrix M, damping matrix D, stiffness matrix K and load vector Q are generated
by evaluating Hamilton’s principle
δH = δ
∫ t1
t0
L(z, z˙, t)dt+
∫ t1
t0
δzTQ∗ dt = 0. (4.2)
HereQ∗ represents nonpotential forces and L = T −V +W is Lagrange’s function with kinetic
energy, potential energy and work of external force, respectively.
d
dt
∂T
∂z˙
−Q∗ + ∂V
∂z
=
∂W
∂z
. (4.3)
Comprehensive reviews can be found in [74, 12, 10].
4.1 Stiffness matrix
The elastic potential VR of the rail generates an elastic stiffness-matrix KR of a single element:
VR =
1
2
ERAR
∫
x
[z′R(x, t)]
2
dx
=
1
2
ERAR z
T
R
∫
x
h′h′Tdx zR, (4.4)
∂VR
∂z
= KRz(t) = ERAR
[∫
x
h′h′Tdx
]
[zR(t)], (4.5)
KR =
ERAR
3`
 7 −8 116 −8
sym 7
 . (4.6)
An additional stiffness-part follows from the elastic coupling between the rail and bridge. The
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Fig. 4.1: Quadratic interpolation for incremental rail-displacements
corresponding elastic potential:
Vc =
1
2
∫
x
c(x, t) [zR(x, t)− zB(t)]2 dx
=
1
2
zTR
∫
x
c(x, t)h(x)hT (x)dx zR
− zTR
∫
x
c(x, t)h(x)dx zB +
1
2
∫
x
c(x, t)dx z2B (4.7)
∂Vc
∂z
= Kc(t)z(t) =

∫
x
c(x, t)h(x)hT (x)dx − ∫
x
c(x, t)h(x)dx
− ∫
x
c(x, t)hT (x)dx
∫
x
c(x, t)dx


zR(t)
zB(t)
 . (4.8)
gives the stiffness matrix due to the coupling interface:
Kc =
c`
30

4 2 −1 −5
16 2 −20
sym 4 −5
30
 . (4.9)
The incremental displacements zR of the rail are approximated by quadratic shape functions
with corresponding displacements zR in the nodes as shown in Fig. 4.1.
zR(x) = z
T
Rh,
hT = 1
`2
[
(`2 − 3`x+ 2x2) (4`x− 4x2) (−`x+ 2x2) ] , zR =
 z0z1
z2
 . (4.10)
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4.2 Mass and damping matrices
The kinetic energy of rails and bridge girder
TRB =
1
2
∫
mR(x, t)[z˙R(x, t)]
2dx+
1
2
mB z˙B(t)
2, (4.11)
d
dt
∂TRB
∂z˙
=MRB(t)z¨(t) =

∫
x
mRh
Thdx 0T
0 mB


z¨R(t)
z¨B(t)
 , (4.12)
generates the element mass matrix:
MRB =
`
30

4µ 2µ −µ 0
16µ 2µ 0
4µ 0
sym µB
 . (4.13)
Here, z¨R is the acceleration vector of the rail, z¨B is the acceleration of the bridge, h contains the
quadratic shape functions prescribed in (4.10) and µ = ρA + µil + µt is the summation of the
mass density of the rail µR = ρA [kg/m] with cross section A , mass of the train µt [kg/m] and
mass of interface layer µil [kg/m]. The interface layer is presented either by ballast and sleeper
if it is a ballasted track or by a bi-block sleeper and concrete slab in a slab track; µB indicates
the distributed mass of the bridge in [kg/m].
Damping of the system is assumed to be proportional to the mass and stiffness with correspond-
ing factors cK and cM .
D = cKK+ cMM. (4.14)
The values cK and cM depend on the first 2 angular eigenfrequencies of the undamped system:
cK = 2D(ω1 + ω2), cM = cKω1ω2.
D is the classical damping coefficient which is up to D ≈ 0.03 for concrete structures. Ref. [29]
provides damping values by means of logarithmic decrement which characterizes the system’s
structure, support and material properties.
4.3 Load vectors
4.3.1 Change of the coupling stiffness
The quantity ∆c(x, t) represents the change of the coupling stiffness, either from unloaded to
loaded when the train comes or from loaded to unloaded when it leaves the bridge. The load
33
vector due to this change can be deduced from the work of external forces.
W =
1
2
∫
x
∆c(x, t) [uR(x, t)− uB(t)]2 dx
=
1
2
uTR
∫
x
∆c(x, t)h(x)hT (x)dxuR
−uTR
∫
x
∆c(x, t)h(x)dx uB +
1
2
∫
x
∆c(x, t)dx u2B (4.15)
The load vector depends on the displacements uB and uR from the previous loads as described
in Eq. (2.18) and in Fig. 2.5(b).
The quadratic interpolation uR = hTuR for the previous displacements describes any history,
either elastic
∂W
∂u
= r(t) = −

∫
x
∆c(x, t)h(x)hT (x)dx − ∫
x
∆c(x, t)h(x)dx
− ∫
x
∆c(x, t)hT (x)dx
∫
x
∆c(x, t)dx


uR(t)
uB(t)
 , (4.16)
r = −∆c(x, t)`
30

4 2 −1 −5
16 2 −20
sym 4 −5
30


u0
u1
u2
uB
 , (4.17)
or plastic with |u0 − uB| = |u1 − uB| = |u2 − uB| = u˜:
r = −∆c(x, t)`
6
· u˜ sign (uD)

1
4
1
−6
 . (4.18)
The dynamic treatment of this load can be realized by means of a sudden change of the coupling
stiffness like an impulse which acts in a time instant. However, the train needs some time to
affect the whole bridge, thus, a continuous change of the coupling stiffness in the time domain is
more realistic. In order to facilitate the analysis, the change of the coupling stiffness is assumed
to be constant along the bridge. It is represented by means of a continuous function in time
during a certain interval. The loaded situation starts from the unloaded value (cu) and increases
until cl within T seconds as formulated in Eq. (4.19) and shown in Fig. 4.2.
ca(t) =
{
cu
(
1− t
T
)
+ cl
(
t
T
)
, t ≤ T ;
cl, t > T .
(4.19)
The time t = 0 starts when the first wheel of the train enters the bridge and ends with t = T
when the whole bridge is loaded. In every single time-step corresponding to the actual time-
instant tj the actual loaded coupling stiffness ca is treated as a constant value with the final
maximum value cl:
∆c(x, tj) = ca(tj)− cu. (4.20)
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Fig. 4.2: Continuous change of the coupling stiffness in time
4.3.2 Actual slipping
If the actual situation in the coupling interface is characterized by slipping, an internal longitu-
dinal force q acts on the rail (+q) as well as on the bridge (−q).
The longitudinal restoring force q has been defined in Eqs. (2.19)-(2.20), and the difference zD
is defined in the same manner as uD in Eq. (2.18).
q(x, t) = c(x, tj) · (uD − u˜ sign(zD)). (4.21)
Here, c(x, tj) is the actual coupling stiffness and u˜ denotes the critical displacement of the
coupling interface which is a constant value independent with respect to c(x, tj).
The interface-force due to actual slipping follows from applying Equation (4.16):
r(t) =

∫
x
c(x, t)h(x)hT (x)dx − ∫
x
c(x, t)h(x)dx
− ∫
x
c(x, t)hT (x)dx
∫
x
c(x, t)dx


uR(t)
uB(t)
−

∫
x
c(x, t)u˜h(x)dx
− ∫
x
c(x, t)u˜dx
 .
(4.22)
The numerical form follows from the quadratic interpolation of the previous displacements; the
right-hand side for an elastic history,
r =
ca`
30

4 2 −1 −5
16 2 −20
sym 4 −5
30


u0
u1
u2
uB
− ca`6 · u˜ sign(zD)

1
4
1
−6
 , (4.23)
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can be specialized for a plastic history with |uR − uB| = u˜:
r =
ca`
6
· u˜ sign(uD)

1
4
1
−6
− ca`6 · u˜ sign(zD)

1
4
1
−6
 . (4.24)
The minimum r = 0 of this force in Eq. (4.24) occurs if uD and zD are equally oriented. The
maximum occurs when they are opposite to each other.
4.3.3 Change of temperature
This loading case is characterized by the deformation of the supporting structure due to seasonal
change of temperature from winter to summer,
zB = zA + α∆Tx (4.25)
where α is the thermal coefficient, ∆T is the change of temperature and zA is the deformation
at a fixed thermal point.
The load vector is produced by means of external work
r(t) =

∫
x
c(x, t)α∆Th(x)xdx
− ∫
x
c(x, t)α∆Txdx
 . (4.26)
Using the quadratic shape function h in Eq.(4.10) to evaluate (4.26) yields
r =
caα∆T`
6
 02`
`
 . (4.27)
In a corresponding local description the prescribed deformation of the supporting structure is
characterized by an additional term α∆Taj:
zB = zA + α∆T (x+ aj). (4.28)
Thus, the numerical formulation for temperature load follows
r =
caα∆T`
6
 02`
`
+ aj ·
 14
1
 (4.29)
that is valid for an embedded element j as described in Fig. 4.3.
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Fig. 4.3: Embedded element jth of length ` in global axis x2j−1 ≤ x¯ ≤ x2j+1.
In general, the thermal fixed point can rest at any location xA as shown in Fig. 4.4.The bridge
deck is able to expand up to the expansion length LT starting from a fixed point A. The ex-
pansion length of the bridge LT is defined as the greatest distance from the fixed bearing to
any end of the structure that may freely extend or move[31]. Consequently, the deformation is
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
k0 k1
xA LT = l-xA
x
bridge
rail
A
Fig. 4.4: Position of thermal fixed point A with expansion thermal length LT = l − xA.
evaluated along the global axis x¯ relative to the location of thermal fixed support xA. Thus, the
deformation of the bridge deck follows
zB = zA + α∆T (x+ aj − xA). (4.30)
As a result, the load vector can be deduced from Eq.(4.29):
r =
caα∆T`
6
 02`
`
+ (aj − xA) ·
 14
1
 . (4.31)
The rail is only affected by the temperature change of the supporting structure if the coupling
interface behaves elastically.
4.3.4 Braking/accelerating
A uniform constant load p [N/m] which acts on the rail denotes the ‘braking force’ by +p and
‘accelerating force’ by −p. The load vectors due to braking/accelerating can be deduced from
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the work of external forces.
W =
∫
x
p uR dx,
∂W
∂u
= r(t) =

∫
x
ph(x)dx
− ∫
x
pdx
 . (4.32)
Solving Eq.(4.32) by using the shape function h from Eq.(4.10) gives the load vector for an
elastic, embedded element :
r(t) =
p`
6

1
4
1
−6
 (4.33)
and plastic element
r(t) =
p`
6

1
4
1
0
 . (4.34)
German Railways, as well as many other railways assume 25% of train weight for this braking
load [21], with an exception for special design requirements [17].
4.3.5 Bending of the supporting structure
The axial load caused by bending of the supporting structure is transferred to the rail by the
action of the coupling interface when it behaves elastically. The formulation of the axial load is
deduced from external work,
∂W
∂u
= r(t) =

∫
x
c(x, t)w′(x¯)huh(x)dx
− ∫
x
c(x, t)w′(x¯)hudx
 , (4.35)
where w′(x¯) is the bending slope of bridge deck under a vertical load. The quantity hu is the
upper height of bridge deck from the neutral-axis and c(x, t) is the coupling stiffness. Since the
bending follows the passing train, it is realistic to set the coupling stiffness in loaded condition
c(x, t) = cb.
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Applying the shape function w′(x) = hTw′ gives the formulation of the load vector
r(t) =

∫
x
c(x, t)huh(x)h
Tdx
− ∫
x
c(x, t)huh
Tdx

 w′(x2j−1)w′(x2j)
w′(x2j+1)

=
cbhu`
30

4 2 −1
2 16 2
−1 2 4
−5 −20 −5

 w′(x2j−1)w′(x2j)
w′(x2j+1)
 . (4.36)
The evaluation of the load vector above is referred to the neutral axis N as shown in Fig. 4.5.
Consequently, there is an additional force due to bending at the location of the elastic spring A.
Thus, the equilibrium at fixed point A becomes
LA = kAzA = kA(zN − w′(xA) · hl), (4.37)
which produces an additional load rA to be applied to the overall system
rA = kA · w′(xA) · hl. (4.38)
Here, zN is the displacement of the neutral axis at point A and hl is the lower height from neutral
axis of bridge deck.
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Fig. 4.5: Bending of the supporting structure.
4.4 Longitudinal force
Longitudinal forces are described by means of the analytical relation L = EAu′R as discussed
in Sec.3.1. However, the longitudinal displacement produces two different derivatives u′ in the
same node. Figure 4.6 illustrates this situation by means of 2 adjacent elements, each element
consisting of three nodes. A continuous displacement function u(x) produces 2 different deriva-
tives at the node 3; a positive slope a is produced from the left element, meanwhile, the right
element produces a negative slope b.
In this thesis, the longitudinal forces are deduced from restoring the internal forces of an em-
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Fig. 4.6: Displacement equation u(x) in two adjacent rail elements.
bedded element by involving the equilibrium from the differential equation (4.1). Hence,
L(x, t) = Kelm(t)z(t) +Delm(t)z˙(t) +Melm(t)z¨(t)−Qelm(t,u), (4.39)
where mass matrix Melm, damping matrix Delm, stiffness matrix Kelm and load vector Qelm
are defined in the previous sections (Secs. 4.1-4.3) in terms of the element level. The vector
L =
 L0L1
−L2
 (4.40)
of inner longitudinal forces contains the values L0, L2 in the element interfaces as shown in
Fig.4.7.
1 20
rail
x
x
x
x
x
L0 L2
x
x
x
x
x
Fig. 4.7: Element longitudinal forces
The displacements z and z˙ are obtained from well-known dynamic schemes, such as Newmark
scheme, as is employed in this thesis. The mass acceleration z¨ is evaluated from the dynamic
equilibrium of the whole system:
z¨(t) =Msys(t)
−1 (Qsys(t,u)−Ksys(t)z(t)−Dsys(t)z˙(t)) (4.41)
Equilibrium checking
Here, the static situation will be shown in detail only.
The longitudinal force L is deduced analogous to Eq. (3.23):
L = −K · u+ p(x), (4.42)
where K · u is the spring force and p(x),
p(x) = pTh, (4.43)
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is assumed to be constant along the element:
p = p`
 11
1
 and hT = 1
`2
[
(`2 − 3`x+ 2x2) (4`x− 4x2) (−`x+ 2x2) ] . (4.44)
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Fig. 4.8: Rail element as a continuous element
Here, the elastic stiffness of the rail element as written in (4.6) is implemented into (4.39): L0X
−L2
 = −
 7 −8 1−8 16 −8
1 −8 7
 u0u1
u2
+ pl
6
 14
1
 . (4.45)
The left hand side of the equilibrium consists of L0 and L2, that are the longitudinal forces at
points 0 and 2, respectively, as depicted in Fig. 4.8. But, it leaves a question of the presence of
X in the second row which will be discussed below.
Arranging the force equilibrium of the continuous element described in Fig. 4.8 yields:
−L0 + L2 + pl = 0. (4.46)
Then, introducing the extracted form of L0 and L2 from (4.45);
L0 = −7u0 + 8u1 − u2 + pl
6
,
−L2 = −u0 + 8u1 − 7u2 + pl
6
into equilibrium will give
7u0 − 8u1 + u2 − pl
6
+ u0 − 8u1 + 7u2 − pl
6
+ pl
!
=0
8u0 − 16u1 + 8u2 + 2
3
pl
!
=0 (4.47)
Comparing Eq. (4.47) with the extracted form of X from Eq.(4.45),
X = 8u0 − 16u1 + 8u2 + 2
3
pl, (4.48)
answers the question of the presence of X , which in this case is equal to zero.
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Thus, this zero value of the second element of the longitudinal vector can be used as a check of
the stresses for the calculated result.
4.5 Numerical realization
4.5.1 Application and programming strategies
The author established a numerical tool, written in FORTRAN programming language to realize
the mechanical and numerical concepts developed in this work. The intended use of this tool is
to evaluate the longitudinal rail stress in an ‘unloaded’ situation where there is no passing train
on the bridge, in the ‘loaded’ condition due to a passing train and vice versa. The external force
due to seasonal temperature change characterizes the ‘unloaded’ situation of the bridge deck
while the bending of the bridge deck, braking and accelerating forces characterize the ‘loaded’
situation. The transitional condition from ‘unloaded’ to ‘loaded’ is presented as a loading due
to a change in the coupling stiffness.
The sequential loading process, as one of the important subjects in this thesis, is initialized by
an ‘unloaded’ followed by a ‘loaded’ situation and finally an unloaded condition resulting from
the train leaving the bridge. These consecutively occurring ‘unloaded’-‘loaded’-‘unloaded’ rep-
resents one cycle. Multiple loading cycles represent several trains passing over the bridge.
Preceded by a statically treated seasonal temperature change, the change of the coupling stiff-
ness can be treated either statically or dynamically. The change of the coupling stiffness is
evaluated in collaboration with bending or braking.
As an addition, the braking and accelerating forces are also carried into the sequential loading
history, and each subsequence is proceeded in a statical manner only.
In order to compare the result from the truly nonlinear combination with the conservative one
from linear combination, the application is able to analyze a single loading case as well.
The stiffness, damping and mass matrices are built from embedded 4×4 element matrices
which are assembled into square structural matrices and to simplify the assemblage process
the MCODE, mentioned in [42], is used.
The structural system is analysed with assistance of the LAPACK routine solver [56].
The programming strategy sets each of the load cases as a single-handed load with no dependen-
cies from one to the other. This strategy provides more flexibility to expand it in the future, for
example, for taking several loads that act in the same sequence, or for simulating other possible
sequences.
The actual load produces an incremental stress which is linked to the previous by means of a
restoring force due to actual slipping. Since the slipping of the element can be expressed in
general formulation Eq.(4.23), the same formula is valid for any loading sequence. In addi-
tion, considering the change of coupling stiffness also develops the loading history aspect to be
included into the equation.
4.5.2 Iteration
During the iteration each element is defined as fully elastic or fully plastic. If more than half
of an element length `
2
is characterized by slipping, thus |(uR + zR) − (uB + zB)| ≥ u˜, then
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the element is defined as plastic, otherwise it is elastic. To avoid the element behaving partly
elastic/plastic small elements are used, which are typically 10 to 25 cm in length.
The iteration process for each loading sequence starts with an assumed element configuration.
The resulting elastic/plastic regions are then compared with the assumed configuration and
used to improve the configuration for the next iteration. The iterative process is finished when
elastic/plastic input configuration meets the output configuration.
In some cases, the iteration process to determine the stick and slip element type cannot be
restricted to a single relative displacement value u˜,
|uR − uB| < u˜→ stick/elastic,
|uR − uB| ≥ u˜→ slip/plastic,
because the iteration does not converge. This problem is solved by changing from a strict
switching point u˜ to a switching interval u˜ ± ε. This procedure leads to a robust iteration
[64, 3].
u~u-ε∼ u+ε
∼
ε ε
Fig. 4.9: Relative displacement limitation
Figure 4.9 describes this range |ε| in the vicinity of u˜. The range of ε used in this thesis is a
small value of 1.0 · 10−7 m.
The implementation of the robust procedure in the iteration leads to an improvement of deter-
mining the stick and slip element behaviour limitation:
|uR − uB| ≤ u˜− ε→ stick/elastic,
|uR − uB| ≥ u˜+ ε→ slip/plastic,
u˜− ε < |uR − uB| < u˜+ ε→ determined by last iteration.
A special condition arises when the relative displacement is in between the limit range u˜− ε <
|uR − uB| < u˜ + ε. Here, the element is characterized by the previous iteration and maintains
its characteristics during the actual iteration.
4.5.3 Dynamic analysis
The dynamic situation is solved by using Newmark’s time-stepping scheme. In every time step,
the input and output configurations are compared. Thus, the iteration process is exactly the
same as for the static analysis described above.
A passing train not only changes the coupling stiffness but it is accompanied by the bending
of the bridge. Therefore, bending is treated in the same manner as the change of the coupling
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stiffness, that is if the change is assumed to happen suddenly it is simulated as an impact-like
load. However, a more realistic simulation should be based on a continuously growing influence
of the incoming train to the whole bridge-track system within a short time instant T ,
qBe(t) = q · t
T
, (4.49)
where q is the constant applied vertical load, T is prescribed in Sec. 4.3.1 and qBe(t) is taken to
be constant in each time step.
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Fig. 4.10: Continuous vertical load
Concerning the mass contribution in the dynamic analysis, the mass of a passing train should
also be taken into account. It will be treated in the same manner as the dynamic load, whether
as an impact-like mass or as a continuous mass increment in a short time T :
µt(t) = µto · t
T
, (4.50)
where µto [kg/m] is the distributed mass of the train. Conformed to the continuous change
behaviour, the mass of the train µt(t) [kg/m] is taken to be constant in each time step, and the
increment can be described analogous to the vertical load increment in Fig. 4.10.
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5 Coupling stiffness
One important part in a railway track is the coupling element between the rail and its supporting
structure. The coupling element, which governs the resistance to longitudinal displacement, is
discussed in this chapter.
The resistance of the track to longitudinal displacement is a function of the displacement of
the rail relative to its supporting structure, from which the following formulation of coupling
stiffness will be derived.
5.1 Linear approach
Consider a track element of length ` resting on the subgrade, as described in Fig. 5.1. The
system builds an equilibrium:
− L0 + L1 − 1
2
· c · `(u0 + u1) = 0, (5.1)
where L0 and L1 are longitudinal forces at the left and right ends, respectively. The displace-
ments of the rail denoted by u0 and u1 refer to point 0 at the left end and 1 at the right end. As
the bridge is resting on a rigid subgrade, the relative displacements of the rail to subgrade are u0
and u1. Here, the displacements of the rail in between point 0 and 1 are assumed to be a linear
function.
Then, rearranging (5.1) gives a solution for the coupling stiffness:
c =
2 · (L1 − L0)
` · (u1 + u0) . (5.2)
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Fig. 5.1: Equilibrium of element rail forces L0, L1 and force 12c(u0+ u1)` due to coupling stiff-
ness. u0 and u1 are displacements at node 0 and 1 respectively.
In case where the track rests on a flexible support with a displacement uN of its own, the relative
displacements of the rail with respect to the bridge are used to evaluate Eq.(5.1):
c =
2 · (L1 − L0)
` · (u1 + u0 − 2uN) . (5.3)
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5.2 Exact solution
The exact formulation for the coupling stiffness will be derived by considering the exact equa-
tion of longitudinal forces provided in Sec. 3,
An embedded track element resting on the bridge, as described in Fig. 5.2, experiences defor-
mations u0 and u1 at the left end and right end, respectively. The displacement of the bridge
element is denoted by uN . A deformation of the points in between are interpolated by means of
hyperbolical functions shown in Eq.(3.16)
uR(x) = h
T (x)u, (5.4)
where
u =
 u0u1
uN
 ,h(x) = 1
sinh γ`
 sinh γ(`− x)sinh γx
− sinh γ(`− x)− sinh γx+ sinh γ`
 . (5.5)
Evaluating the longitudinal forces
L(x) = EAu′R(x) (5.6)
at both end points; L(x = 0) = L0 and L(x = `) = L1 yields
L0 = −
√
EAc
(
coth γ` u0 − 1
sinh γ`
u1 − tanh γ`
2
uN
)
,
L1 =
√
EAc
( −1
sinh γ`
u0 + coth γ` u1 − tanh γ`
2
uN
)
,
with
γ =
√
c
EA
,
where EA is the stiffness of the bar element and c is the distributed stiffness of the coupling
element.
L0 L1
q
u0 u1
bridgeuN
Fig. 5.2: Equilibrium of element rail force L0, L1 and force 12c(u0 + u1)` due to coupling stiff-
ness. u0 and u1 are displacements at node 0 and 1 respectively,
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Subtracting L0 from L1 gives an equilibrating force which acts on the coupling stiffness
L1 − L0 =
√
EAc
( −1
sinh γ`
u0 + coth γ` u1 + coth γ` u0 − 1
sinh γ`
u1
)
−2
√
EAc tanh
γ`
2
uN . (5.7)
With coth x− 1
sinhx
= tanh
x
2
, Eq.(5.7) can be rewritten as
L1 − L0 =
√
EAc
(
coth γ`− 1
sinh γ`
)
· (u0 + u1 − 2uN) . (5.8)
The presentation of coth x− 1
sinhx
in a series is
coth x− 1
sinh x
=
1 +
(γ`)2
2!
+
(γ`)4
4!
+
(γ`)6
6!
+ . . .− 1
γ`+
(γ`)3
3!
+
(γ`)5
5!
+
(γ`)7
7!
+ . . .
=
γ`
2
1 + 2
(γ`)2
4!
+ 2
(γ`)4
6!
+ . . .
1 +
(γ`)2
3!
+
(γ`)4
5!
+
(γ`)6
7!
+ . . .
=
γ`
2
Q(γ). (5.9)
Introducing (5.9) into (5.8) gives an improved equation in order to find c by means of measured
values:
L1 − L0
u1 + u0 − 2uN =
c`
2
·Q(γ).
Since γ is dependant on c and vice versa, the coupling stiffness value should be evaluated
iteratively as
cj+1 =
2(L1 − L0)
`(u0 + u1 − 2uN) ·
1
Q(cj)
, (5.10)
by taking any number cj to initialize the process.
Analogous to the previous section, the coupling stiffness of the track resting on the subgrade
can be deduced by introducing the displacement uN = 0.
Apart from the formulations (5.2) and (5.10) above, some technical reports describe the formu-
lation to determine the coupling stiffness as
c =
2 · (L1 − L0)
` · (u1 − u0) . (5.11)
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Comparing the 3 formulations, the linear approach, exact formulation and the one prescribed
by the technical reports, leads to the following conclusion:
– the exact approach contains the linear approach as first iteration step,
– Eq. (5.11) is not consistent with the exact approach.
5.3 Coupling stiffness modeling
The resistance of a ballasted track in longitudinal direction depends on the following factors, as
written in [93]:
– The resistance of the rail relative to a sleeper. In the case of slab track, this resistance is
provided by rail fastening and its magnitude depends on the efficiency of the clamping
action. In the case of ballasted track, the resistance is provided by railpads.
– The resistance of the sleeper/rail ensemble relative to the deck. This resistance is provided
by the tendency of the ballast to resist any movement of the sleeper and by the friction
that exists between ballast and deck.
Accordingly, the resistance of the ballasted track is modeled by 2 layer springs, as shown in
Fig. 5.3.
Rail
Rail pad
Sleeper
Ballast
bridge deck
bridge deck
rail
railpad
sleeper
ballast
(a)
(b)
Fig. 5.3: Ballasted railway track system resting on a bridge deck. (a) Ballasted track system.
(b) Mass-spring model.
The two layer springs on the ballasted track are coupled like two serial springs [28, 98] as
described below. Let us consider a spring-mass system described in Fig. 5.4 consisting of two
masses m1 and m2 connected by two springs k1 and k2 in a series. The total displacement of
the mass-spring system is
dt = d1 + d2,
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Fig. 5.4: Mass-spring arrangement.
where d1 and d2 are the relative displacements of m1 and m2, respectively. Introducing the
displacement-force relationship
L = k · d (5.12)
yields
L
ke
=
L
k1
+
L
k2
. (5.13)
The formulation (5.13) for a combined spring will be implemented to evaluate the combined
coupling stiffness of the ballasted track ce:
1
ce
=
1
c1
+
1
c2
ce =
c1 · c2
c1 + c2
, (5.14)
where c1 and c2 are the coupling stiffnesses originated by railpad and ballast, respectively.
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Fig. 5.5: Forces equilibrium on track
Consider a track system consisting of 2 springs as illustrated in Fig.5.5. The formulation of the
upper stiffness c1 is analogous to Eq.(5.2) with displacements u0 corresponding to u0,rs and u1
to u1,rs. Here, the notations u0,rs and u1,rs are pointed to the relative displacements between rail
and sleeper at points 0 and 1, respectively.
c1 =
2 · (L1 − L0)
` · (u1,rs + u0,rs) , (5.15)
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A free-body diagram for the lower spring c2 gives the internal forces which are equivalent to
L1 − L0, thus, the lower stiffness c2 can be formulated in the same manner as c1:
c2 =
2 · (L1 − L0)
` · (u1,sg + u0,sg) → ce =
c1 · c2
c1 + c2
, (5.16)
where u1,sg and u0,sg are the relative displacements between sleeper and the subgrade or bridge.
In the real situation, the sleepers are discrete masses with certain distance from one to the other.
However, for simplification due to the lack of measured data, the displacements of the sleepers
in between will be interpolated in a linear manner.
The formulations above are deduced for the static situation. Thus, the mass of the sleeper is not
considered.
Instead of using a sleeper and ballast bed, a new innovative technic mounts the rail directly
either on pre-cast slabs, on resilient compounds or with resilient fasteners to gauge widenings.
Thus, in the unballasted track the resistance is provided by these fastening systems as shown in
Fig.5.6.
Rail
 
Rigid slab
bridge deck
bridge deck
(a)
(b)
Rail
Coupling stiffness
Fig. 5.6: Slab track system resting on bridge deck. (a) Slab track system. (b) Mass-spring model
Currently, the track system RHEDA 2000r is the most commonly applied ballastless systems
in Germany. The core of the system consists of a modified bi-block concrete sleeper with a
non-prestressed reinforcement which supports the Vossloh rail fastening system with a highly
elastic railpad for the enhancement of the load distribution effect on the rails [71, 96, 13, 2].
5.4 Stiffness parameter from measurement
Several completed works evaluate the railpad and ballast stiffness. Knothe and Grassie compre-
hensively summarize the results in [49, 50].
Table 5.1 presents the parameters of ballast and railpad based on measurements for tracks due
to passing trains. The stiffness parameters are evaluated with respect to the vertical direction as
shown in Fig.5.7(a).
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Tab. 5.1: Parameters of ballast and railpad with respect to vertical direction based on measure-
ments by a passing train in [N/m2].
Author railpad ballast railpad+ Notes
ballast
Grassie, Cox[37] 39.7 · 107 7.9 · 107 6.6 · 107 5 mm railpad
Clark, et.al.[9] 39.7 · 107 7.4 · 107 6.3 · 107 5 mm railpad
Grassie[36] 10 · 107 5 · 107 3.3 · 107 10 mm railpad
Grassie[36] 50 · 107 5 · 107 4.5 · 107 High density polyethylene
(HDPE) pad
In contrast, the longitudinal situation (Fig.5.7(b)) is only discussed by some authors such as
Grassie et.al.[40] and Ruge et.al.[80].
Table 5.2 presents the evaluation of longitudinal stiffnesses of the coupling interface produced
in [40]. Here, the longitudinal stiffness is much smaller than the vertical stiffness in Tab.5.1.
Tab. 5.2: Parameters of ballast and railpad based on measurements due to longitudinal excitation
in [N/m2].
Author railpad ballast railpad +ballast
Grassie et.al.[40] 4.9 · 107 5 · 107 2.5 · 107
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(a) Vertical coupling stiffness.
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxx
xxxxxxxx
xxxxxxxx
xxxxxxxx
xxxxxxxx
xxxxxxxx
xxxxxxxx
xxxxxxxx
xxxxxxxx
xxxxxxxx
xxxxxxxx
xxxxxxxxxxxxxxxxxx
x
x
x
xxs
c1
c2
(b) Horizontal coupling stiffness.
Fig. 5.7: Stiffness of railpad and ballast.
The vertical stiffness of the coupling interface is outside the scope of this report, thus, from this
point forward, the evaluation of the coupling stiffness will only consider longitudinal stiffness.
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Part III
Examples
53

6 Simple bridge
A simply supported railway bridge with a clear span of 60 m is analysed in this chapter. The
bridge is supported by an elastic bearing at the left hand side and a moveable bearing at the end
of the right hand side. The rail has an artificial elastic support at the left and right hand sides
(k0 and k1) representing the continuation of the system.
x
60 m
kA
k1k0 xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
Fig. 6.1: Longitudinal section of simply supported bridge
Considering a different application of nonlinear stiffness law presented in Fig. 2.3, the example
is discussed separately in the following sections, slab track and ballasted track.
The structural, geometry, loads and properties data are designed with respect to the realistic
structure and satisfy codes such as [17, 24, 15, 16] and regulations outlined in the practical
handbook [29].
6.1 Slab track
The ballastless track system has been improved since it first introduction in 1972 on the line
from Bielefield to Hamm, Germany, at the Rheda station. The latest modifications of RHEDA
2000r include the employment of specially integrated bi-block lattice-truss sleeper and com-
bines in situ concrete and reinforced-concrete trough-slabs that are produced in one working
step [13, 1, 63, 96]. Fig. 6.2 presents a cross section of the slab track system which is installed
on the bridge.
A slab track resting on the simply supported bridge will be treated first in order to compare the
results for 3 different situations:
1. ∆Tu + Be: seasonal temperature change and bending are treated separately and then
added linearly,
2. ∆Tu → Be: sequential evaluation of seasonal temperature change followed by bending,
3. ∆Tu → (∆C + Be): sequential evaluation of seasonal temperature change followed
by bending together with a change of the coupling stiffness from ‘unloaded’ to ‘loaded’
situation.
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Fig. 6.2: Cross section of RHEDA 2000r construction on the bridge.
Here, ∆T indicates the change of the temperature of the bridge deck from winter to summer.
Subscript u refers to the ‘unloaded’ situation without any vertical load from passing trains,
whereas the subscript l refers to the ‘loaded’ situation caused by a passing train. Be and ∆C
indicate the bending of the supporting structure and the change of the coupling stiffness, re-
spectively.
In addition, results from the dynamic analysis are compared with results from a pure statical
treatment. The dynamic analysis includes the mass of the rails, supporting slab, bridge and
train. Finally, stresses resulting after the loading cycles are presented.
The system’s data are provided in Table 6.1.
Tab. 6.1: Geometry, material properties and loading data for a simply supported bridge system.
Bridge
Length of the bridge L = 60 m
Stiffness of the elastic support kA = 6 · 108 N/m
Cross-sectional area of the bridge AB = 3.5070 m2
Distance from neutral axis to the upper surface hu = 1.21 m
Distance from neutral axis to the lower surface hl = 4.79 m
Rail
Longitudinal rail stiffness EAR = 3.23× 109 N
Cross-sectional area of the rail AR = 15372 mm2
Mass density of the rail ρR = 7850 kg/m3
Stiffness of the unloaded track cu = 6.0 · 107 N/m2
Stiffness of the loaded track cl = 12.0 · 107 N/m2
Critical elastic relative deformation ∆u = ur − ub u˜ = 0.0005 m
Mass of bi-block sleeper + concrete slab µbl = 2400 kg/m
Loads
Temperature change ∆t = 30K
Thermal expansion coefficient of a concrete bridge α = 1.0 · 10−5
Maximum relative deflection of the bridge δ = 12500
Velocity of the train vtrain = 60 m/sec
hu
hl
Bridge cross-section
Fig. 6.3 shows the longitudinal stresses for three situations mentioned above which are treated
statically. As indicated in the figure, the results from the true sequential analysis ∆Tu →
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(∆C +Be) are less than those from linear combination as indicated by ∆Tu +Be. The largest
differences can be seen for maximum compression.
Taking the change of the coupling stiffness into account (∆Tu → ∆C+Be) increases the max-
imum stress
64.993− 60.354
60.354
= 7.68% as compare to those only involving bending (∆Tu →
Be).
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Fig. 6.3: Static analysis due to seasonal temperature change followed by bending with a linear
combination (∆Tu + Be) and truly nonlinear analysis; with change of the coupling
stiffness (∆Tu → ∆C + Be) and without change of the coupling stiffness (∆Tu →
Be).
The distribution of elastic and plastic elements along the system caused by different loading
cases are shown in Fig. 6.4. The initial load, seasonal change of temperature ∆T , produces
a certain elastic and plastic element distribution which will be changed by the next loading
case. For example, the following load due to bending of the supporting structure (∆T → Be)
increases the plastic region. In contrast, evaluating the bending together with the change of the
coupling stiffness (∆T → ∆C +Be) decreases the plastic region.
In addition, the element distribution due to the bending of the supporting structure (Be) is
analysed separately, without any preceding load.
By using the true nonlinear combination, the end state of elastic and plastic distribution of the
coupling interface can be obtained. On the contrary, this cannot be produced if the load cases
are treated separately, without considered any load history.
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Fig. 6.4: Elastic and plastic regions of the coupling interface due to static loading cases: sea-
sonal temperature changes (∆Tu), bending of supporting structure(Be), seasonal
temperature changes followed by bending (∆Tu → Be) and seasonal temperature
changes followed by bending accompanied by a change of the coupling stiffness
(∆Tu → ∆C +Be).
The next discussion will show the influence of mass-acceleration.
The mass of the railway track to be included to characterize dynamic system are
rail = 1.54 · 10−2 m× 7850 kg/m3 = 121 kg/m,
track concrete incl. bi-block sleeper = 0.30 m× 3.20 m× 2500 kg/m3 = 2400 kg/m.
With regards to the dynamic behaviour caused by a passing train, the mass of train µt=8000
kg/m is also included.
Fig. 6.5 clearly presents the stress result from three different analysis methods when dealing
with the change of the coupling stiffness from the ‘unloaded’ to the ‘loaded’ situation. All
analyses are preceded by seasonal change of temperature. The analysis methods are:
1. pure statically,
2. dynamically with a sudden change of the coupling stiffness,
3. dynamically with a continuous change of the coupling stiffness.
The figure shows the maximum compression of the rail which occurs at the movable end of
the bridge. Both dynamic results tend to reach the static level. Here the sudden change of
the coupling stiffness produces strong oscillating stresses from the beginning. The difference
[∆Tu → (∆C + Be)dyn,sudden] - [∆Tu → (Be)] = −92.271 + 60.354 = −31.917 N/mm2
for the sudden change of the coupling stiffness shows a significant increase of 47.1% for the
compression stress in the rail.
As illustrated, if the change of the coupling stiffness happens suddenly it creates significant
incremental stresses. However, this scenario is assumed to be rather unrealistic.
In contrast, the continuous change of the coupling stiffness increases the stresses slightly and
oscillates smoothly. The difference [∆Tu → (∆C + Be)dyn,continuous] - [∆Tu → (Be)] =
−66.008 + 60.354 = −5.654 [N/mm2] for the continuous alternative shows an increase of 9.4
% for the compression stress in the rail.
The maximum stresses are summarized in Tab. 6.2.
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Fig. 6.5: Longitudinal stresses resulting from a change of the coupling stiffness+bending after
temperature increase.
Tab. 6.2: Longitudinal stresses σ
[
N/mm2
]
of rail due to different load combinations
Load σmin σmax
∆Tu +Be -78.619 67.095
∆Tu → Be -60.354 64.552
∆Tu → (∆C +Be)static -64.993 62.499
∆Tu → (∆C +Be)dyn,sudden -92.271 89.905
∆Tu → (∆C +Be)dyn,continuous -66.008 63.509
In reality, a bridge will undergo numerous loading-cycles. Thus, the following discussion fo-
cusses on multiple cycles from ‘unloaded’ to ‘loaded’ and back to ‘unloaded’ in connection
with seasonal temperature change and bending of the bridge deck.
The loading situations are described sequentially below:
1. Change of temperature of the supporting structure from winter to summer indicated by
‘∆T ’ in Fig. 6.6,
2. The 1st passing train causes bending of the supporting structure together with the change
of the coupling stiffness (cu → cl), indicated by (∆C + Be)+ in Fig. 6.6 , followed by
reverse bending + change of the coupling stiffness (cl → cu), indicated by (∆C +Be)−,
3. The 2nd passing train causes bending of the supporting structure together with the change
of the coupling stiffness (cu → cl), indicated by (∆C + Be)+ in Fig. 6.6 , followed by
reverse bending + change of the coupling stiffness (cl → cu), indicated by (∆C +Be)−,
etc
The stress evaluation due to multiple loading-cycles is done statically.
Fig. 6.6 shows the rail stresses for seasonal temperature change followed by 2 cycles due to
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changes of the coupling stiffness together with bending of the supporting structure. In addition,
the distribution of the elastic regions is shown by means of intervals + − − − − − −+ at the
bottom of Fig. 6.6. The first cycle is indicated by l1;u1; the second cycle by l2;u2. Compared
with the starting situation from seasonal temperature change, the elastic parts of the coupling
interface increase significantly. On the other hand, the results from the second cycle are almost
the same as those from the first cycle.
The maximum tension and compression stresses occur when the system is loaded, either during
the 1st cycle with σ = −64.993 N/mm2;σ = +62.499 N/mm2 or during the 2nd cycle with
σ = −64.411 N/mm2;σ = +64.686 N/mm2 as shown in Tab. 6.3.
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Fig. 6.6: Longitudinal stresses caused by an increase of temperature and followed by 2 passing
trains.
Tab. 6.3: Maximum rail stresses σ [N/mm2] for simply supported bridge due to seasonal temper-
ature change and 2 loading cycles from the change of the coupling stiffness together
with bending, treated statically.
Load σmin σmax
∆T -44.569 40.451
.→ (∆C +Be)+ -64.993 62.499
..→ (∆C +Be)− -36.118 33.141
...→ (∆C +Be)+ -64.411 64.686
....→ (∆C +Be)− -36.233 32.534
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6.1.1 Verification
This subsection compares the results from the finite element formulation with those from the
exact hyperbolic formulation published in [76].
The stress result from the exact hyperbolic formulation is presented in Fig. 6.7(a). This fig-
ure shows the longitudinal stress along the system due to a correct combination of loading
series: temperature change, warming (1), followed by the bending of the supporting structure
(2), and then braking (Braking). The nonlinear combination of the stresses is indicated by
Temperature → Bending → Braking. The warming process of the supporting structure is
assumed to be in ‘loaded’ condition.
The rail stress resulting from finite element method (FEM) is depicted in Fig.6.7(b). The plots
refer to the stresses due to: temperature change, warming (∆Tl), followed by the bending
of the supporting structure (Be), and then braking (Br). The resulting stress is denoted by
∆Tl → Be→ Br.
As demonstrated in Fig.6.7, the stress resulting from the FEM shows a satisfactory agreement
with the stress produced by the exact solution.
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Fig. 6.7: Longitudinal stresses resulting from warming, followed by bending and braking ob-
tained by sequential analysis with the correct combination.
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6.2 Ballasted track
Since the early railway construction there has been no substantial change in the ballasted track
structure. This classic railway track consists of a flat framework composed of rails and sleepers
which are supported by ballast. Some important developments of the ballasted track such as the
introduction of continuously welded rail (CWR), the use of concrete sleepers, the introduction
of heavier rail profile and innovative rail fastening enables the use of a ballasted track for high-
speed trains today.
A sketch of the ballasted track system is presented in Fig. 6.8 and the typical concrete sleeper
[35] is described in Fig. 6.9.
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxx
rail
bridge-deck
rail pad
sleeper
3000 mm
1435 mm582.5 582.5
1:
2
600 600600600 600600600600 600
500 mm
50 mm
ballast
(a) Cross section
(b) Longitudinal section
ballast
Fig. 6.8: Cross and longitudinal section of ballasted track installed on a bridge structure.
The following example is devoted to the ballasted track system, characterized by means of three
different loading histories:
1. ∆Tu → ∆C: sequential evaluation of seasonal temperature change followed by change
of stiffness,
2. ∆Tu → ∆C + Be: sequential evaluation of seasonal temperature change followed by
change of the coupling stiffness and bending,
3. ∆Tu → ∆C + Br: sequential evaluation of seasonal temperature change followed by
change of stiffness and braking,
and analysed statically as well as dynamically.
Numerical results are presented in Tab. 6.5.
The system’s data are presented in Tab. 6.4 with box girder section described in Fig. 6.13.
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Fig. 6.9: Dimension of concrete sleeper B70W60 for UIC60 rail.
The masses for 0.60 m track, lying between two sleepers, involved in the dynamic analysis are:
rail =1.54 · 10−2 × 0.6× 7850 kg/m3 =73 kg,
sleeper =288 kg,
ballast =2000 kg/m3 × 1.122 m3 =2244 kg,
with the total mass equalling 4342 kg/m. The mass of the ballast constitutes about 86% of total
mass of railway construction. In addition, the mass of the train µt=8000 kg/m, is also included.
Tab. 6.4: Geometry, material properties and loading data for a simply supported bridge system
with a ballasted track.
Bridge
Length of the bridge L = 60 m
Stiffness of the elastic support kA = 6 · 108 N/m
Cross-sectional area of the bridge AB = 7.375 m2
Mass density of the bridge ρB = 2400 kg/m3
Rail
Modulus elasticity of the rail ER = 210000 N/mm2
Cross-sectional area of the rail AR = 15372 mm2
Mass density of the rail ρR = 7850 kg/m3
Coupling rail-bridge
Stiffness of the unloaded track cu = 1.0 · 107 N/m2
Stiffness of the loaded track cl = 3.0 · 107 N/m2
Critical elastic relative deformation ∆u = ur − ub u˜ = 0.002 m
Mass density of the ballast+sleeper ρbs = 4220 kg/m2
Loads
Temperature change ∆t = 30 K
Thermal expansion coefficient of the bridge α = 1.0 · 10−5
Maximum deflection due to constant live load δ = l2500 = 4 · 10−4
330 mm
220 mm
5500 mm
S  600 mm
3800 mm
 2009
 2478
Figs. 6.10, 6.11 and 6.12 illustrate the longitudinal stress at a moveable support, where in each
of the three situations the dynamics tend to reach the static level.
In order to illustrate the influence of the bending of the supporting structure the maximum
compressions are compared both statically and dynamically.
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Static evaluation raises the compression
without bending : 37.148 N/mm2
with bending : 39.328 N/mm2
}
→ ∆ = 39.328− 37.148
37.148
= 5.87%,
whereas dynamic analysis characterized by the assumption of a sudden change raises the com-
pression
without bending : 46.589 N/mm2
with bending : 55.797 N/mm2
}
→ ∆ = 55.797− 46.589
46.589
= 19.76%,
and dynamic analysis characterized by the assumption of a continuous change raises the com-
pression
without bending : 37.414 N/mm2
with bending : 40.325 N/mm2
}
→ ∆ = 40.325− 37.414
37.414
= 7.78%.
The incremental stresses resulting from bending of the supporting structure is relatively small,
less than 20%. In fact, in a realistic situation simulated by the continuous dynamic analysis, the
bending raises the stress by less than 8%.
Taking the braking load together with the change of the coupling stiffness raises the compres-
sion by static analysis
without braking : 37.148 N/mm2
with braking : 47.100 N/mm2
}
→ ∆ = 47.100− 37.148
37.148
= 26.80%,
whereas dynamic analysis with a sudden change raises the compression
without braking : 46.589 N/mm2
with braking : 65.532 N/mm2
}
→ ∆ = 65.532− 46.589
46.589
= 40.66%,
and with continuous change raises the compression
without braking : 37.414 N/mm2
with braking : 57.919 N/mm2
}
→ ∆ = 57.919− 37.414
37.414
= 54.81%.
Therefore, applying the braking load into the dynamic analysis gives a remarkable increase in
stresses.
Tab. 6.5: Nonlinear combination of longitudinal rail stress due to temperature change, change
of the coupling stiffness, braking and bending σ
[
N/mm2
]
.
∆T → ∆C ∆T → ∆C +Be ∆T → ∆C +Br
static dynamic static dynamic static dynamicsudden cont. sudden cont. sudden cont.
min -37.148 -46.589 -37.414 -39.328 -55.797 -40.325 -47.100 -65.532 -57.919
max 38.859 46.654 38.070 40.182 60.977 41.292 41.929 52.660 50.406
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Fig. 6.10: Longitudinal stress of ballasted track due to a change of the coupling stiffness after
temperature change(∆T → ∆C).
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Fig. 6.11: Longitudinal stress of ballasted track due to change of the coupling stiffness+bending
after temperature change (∆T → ∆C +Be).
66
-70
-65
-60
-55
-50
-45
-40
-35
-30
 0  0.5  1  1.5  2L
o n
g i
t u
d i
n a
l  r
a i
l  s
t r e
s s
 σ
 
[ N
/ m
m2
]  a
t  m
o v
e a
b l e
 s u
p p
o r t
Time [sec]
∆T→(∆C+Br)suddenly
∆T→(∆C+Brcontinuously
∆T→(∆C+Br)static
Fig. 6.12: Longitudinal stress of ballasted track due to change of the coupling stiffness+braking
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6.3 Parameter studies
This section discusses the influence of several parameters on the track-bridge system. The
ballasted track resting on the bridge with lengths between 30-80 m is used as a structural model;
the system’s data are provided in Tab. 6.6.
The maximum stresses are investigated with respect to their relationship to the longitudinal
spring stiffness of the supporting structure. In addition, the elastic and plastic region of the
coupling interface is also presented.
Another aspect is the dependencies of the maximum stresses on the different values of the
loaded restoring forces. The unloaded restoring force remains constant while the loaded restor-
ing force varies.
The results illustrated in this section have been calculated for a cross-section similar to that in
Fig. 6.13. In this case, similar implies that the width of the bridge deck as well as the thickness
of the slabs and webs have been taken as constant whereas the height h of the bridge deck with
h = hu+ho is calculated such that the chosen maximum deflection occurs according to a given
life load q = 80 kN/m.
For the given values the maximum relative displacement wˆ
L
[17, 25], the live load q and the
modulus of elasticity E = 3.4 · 1010 N/m2, the moment of inertia I is calculated from
I = q · L
wˆ
· 1
76.8
· L
3
E
.
On the other hand, the distances hu and ho are related to I and can be calculated accordingly.
Details of this procedure are described and found in Appendix A, while the resulting values for
the cross-section are summarized in Tab. 6.7.
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Tab. 6.6: Geometry, material properties and loading data for simple supported track-bridge sys-
tem.
Bridge
Stiffness of the elastic support (spring) kA = K · L× 106
Rail
Stiffness of the rail ERAR = 3.23 · 109 N
Cross-sectional area of the rail AR = 15372 mm2
Stiffness of the unloaded track cu = 1.0 · 107 N/m2
Stiffness of the loaded track cl = 3.0 · 107 N/m2
Critical elastic relative deformation ∆u = ur − uB u˜ = 0.002 m
Mass density of ballast + sleeper ρb = 4220 kg/m
Loads
Thermal expansion coefficient of the bridge α = 1.0 · 10−5
Maximum relative deflection δ = 1
2500
Temperature change ∆t = 30 K
330 mm
220 mm
5500 mm
S  600 mm
3800 mm
ho
hu
x~
Fig. 6.13: Assumed box girder cross-section of the bridge deck
Tab. 6.7: Height of the box girder for bridges of different lengths L.
(
wˆ
L
)
allowed
= L
2500
, qo =
80 kN/m, E = 3.4 · 1010 N/m2
L[m] x˜ [m] ho [m] hu [m] hohu h [m] I[m
4] A[m2]
30 1.456 0.849 1.157 0.733 2.006 2.171 4.399
40 2.253 1.212 1.591 0.762 2.803 5.147 5.354
50 3.083 1.601 2.032 0.788 3.633 10.053 6.351
60 3.936 2.009 2.478 0.811 4.486 17.371 7.375
70 4.806 2.429 2.927 0.830 5.356 27.585 8.418
80 5.686 2.857 3.379 0.846 6.236 41.176 9.475
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6.3.1 Influence of elastic support
The influence of elastic support is evaluated by imposing the following sequence of loading
on the system: change of temperature from winter to summer indicated by ∆T followed by
bending combined with changes of the coupling stiffness, indicated by (∆C + Be)+. The
system’s solution to the loading history is calculated by comparing 4 different situations:
– static linear combination,
– static analysis with a nonlinear combination,
– sudden, impact-like change with dynamics,
– continuous change within a time-period T with dynamics.
The different elastic supports kA are defined by means of a constant, K:
kA = K · L · 106 N
m
, (6.1)
where K varies from 2,5,10 and 20.
The maximum stress for the 4 situations are plotted in Figs. 6.14-6.15. The static analysis plot
in Fig.6.14 shows the overestimated stresses produced by a linear combination in Fig.6.14(a)
when compared with the one produced by the true nonlinear combination in Fig.6.14(b).
The dynamic analysis plot in Fig.6.15 shows the remarkable stress developed by the sudden
change approach (Fig. 6.15(a)). In contrast, the continuous change (Fig.6.15(b)) amplified the
static stresses (Fig.6.14(b)) by a negligible, small value.
The precise numerical results are presented in Tabs. 6.8-6.15.
Tab. 6.8: Maximum compression at moveable bridge end σ[N/mm2], K = 2; kA = 2 · L ·
106 [N/m]
L
Static linear combination Correct combination
LC = ∆T +Be ∆T → ∆C +Be
∆T Be LC static dynamicsudden continuous
30 -9.043 -9.087 -18.130 -12.806 -17.772 -13.134
40 -14.057 -13.116 -27.173 -17.801 -24.999 -18.113
50 -19.348 -16.686 -36.034 -22.353 -31.159 -23.123
60 -24.770 -19.699 -44.469 -26.565 -37.705 -28.017
70 -30.064 -22.177 -52.241 -30.633 -46.478 -32.971
80 -35.176 -24.178 -59.354 -34.889 -59.574 -37.835
Fig. 6.16 describes the typical stick and slip distribution along the system which is noted by
‘st’ for stick/elastic and ‘sl’ for slip/plastic. Points 0 and 1 are the end points of the modeled
system. The numbered points in between 0 and 1 indicate the critical point from one situation to
the other; that is from stick to slip at points 1′ followed by a change from slip to stick at point 2′,
and so on. The left side of point 1′ and the right side of point 4′ characterize an elastic coupling.
The coupling interface experiences a critical elastic deformation at point ‘4′’, without regards
to the presence of the track-bridge interaction. At this point the longitudinal force is:
L =
√
EAc u˜, (6.2)
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(a) Linear combination σT,u + σBe .
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(b) Static nonlinear combination ∆T → ∆C +Be.
Fig. 6.14: Maximum longitudinal stress resulting from seasonal temperature change followed
by a change of the coupling stiffness and bending of the supporting structure charac-
terized by a static analysis.
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(a) Sudden-change.
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(b) Continuous-change.
Fig. 6.15: Maximum longitudinal stress due to seasonal temperature change followed by a
change of the coupling stiffness and bending (∆T → ∆C + Be) characterized by
dynamic analysis.
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Tab. 6.9: Maximum compression at moveable bridge end σ[N/mm2], K = 5; kA = 5 · L ·
106 [N/m]
L
Static linear combination Correct combination
LC = ∆T +Be ∆T → ∆C +Be
∆T Be LC static dynamicsudden continuous
30 -11.639 -9.207 -20.846 -17.748 -25.481 -18.099
40 -17.197 -13.249 -30.446 -24.256 -33.234 -24.935
50 -22.852 -16.807 -39.659 -29.774 -43.732 -30.595
60 -28.395 -19.808 -48.203 -34.771 -51.316 -35.357
70 -33.675 -22.272 -55.947 -39.604 -64.378 -40.101
80 -38.745 -24.241 -62.986 -44.306 -76.381 -45.343
Tab. 6.10: Maximum compression at moveable bridge end σ[N/mm2], K = 10; kA = 10 · L ·
106 [N/m]
L
Static linear combination Correct combination
LC = ∆T +Be ∆T → ∆C +Be
∆T Be LC static dynamicsudden continuous
30 -13.225 -9.381 -22.606 -21.728 -31.753 -22.443
40 -18.921 -13.416 -32.337 -28.664 -41.250 -29.100
50 -24.627 -16.942 -41.569 -34.305 -49.718 -35.009
60 -30.098 -19.925 -50.023 -39.328 -55.797 -40.325
70 -35.308 -22.348 -57.656 -44.040 -66.145 -44.741
80 -40.313 -24.287 -64.600 -48.559 -75.436 -49.264
Tab. 6.11: Maximum compression at moveable bridge end σ[N/mm2], K = 20; kA = 20 · L ·
106 [N/m]
L
Static linear combination Correct combination
LC = ∆T +Be ∆T → ∆C +Be
∆T Be LC static dynamicsudden continuous
30 -14.264 -9.594 -23.858 -25.116 -33.566 -25.388
40 -20.005 -13.597 -33.602 -31.918 -41.007 -32.756
50 -25.692 -17.081 -42.773 -37.335 -49.535 -37.620
60 -31.093 -20.025 -51.118 -42.127 -61.410 -42.976
70 -36.246 -22.408 -58.654 -46.618 -68.202 -47.021
80 -41.202 -24.320 -65.522 -50.940 -87.258 -51.829
Tab. 6.12: Maximum tension of rail σ [N/mm2], K = 2; kA = 2 · L · 106 [N/m]
L
Static linear combination Correct combination
LC = ∆T +Be ∆T → ∆C +Be
∆T Be LC static dynamicsudden continuous
30 10.677 6.063 16.740 15.783 19.261 16.059
40 14.725 10.842 25.567 19.234 23.919 19.597
50 18.648 16.475 35.123 22.386 30.190 23.054
60 22.469 22.704 45.173 25.372 38.385 26.369
70 26.296 29.041 55.337 28.174 46.312 29.761
80 30.095 34.879 64.974 34.325 60.449 35.798
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Tab. 6.13: Maximum tension of rail σ [N/mm2], K = 5; kA = 5 · L · 106 [N/m]
L
Static linear combination Correct combination
LC = ∆T +Be ∆T → ∆C +Be
∆T Be LC static dynamicsudden continuous
30 11.139 8.079 19.218 17.618 22.367 17.983
40 15.484 13.939 29.423 23.300 31.766 23.805
50 19.688 20.659 40.347 28.825 42.388 29.376
60 23.824 27.741 51.565 33.659 57.720 34.154
70 27.925 34.172 62.097 40.335 63.172 40.902
80 31.905 39.892 71.797 46.648 71.752 47.666
Tab. 6.14: Maximum tension of rail σ [N/mm2], K = 10; kA = 10 · L · 106 [N/m]
L
Static linear combination Correct combination
LC = ∆T +Be ∆T → ∆C +Be
∆T Be LC static dynamicsudden continuous
30 11.584 9.884 21.468 19.849 27.652 20.517
40 16.078 16.454 32.532 27.235 39.231 27.556
50 20.426 23.791 44.217 34.002 49.622 34.657
60 24.713 30.906 55.619 40.182 60.977 41.292
70 28.905 37.094 65.999 46.588 71.876 47.269
80 32.924 42.597 75.521 52.369 80.754 53.196
Tab. 6.15: Maximum tension of rail σ [N/mm2], K = 20; kA = 20 · L · 106 [N/m]
L
Static linear combination Correct combination
LC = ∆T +Be ∆T → ∆C +Be
∆T Be LC static dynamicsudden continuous
30 12.041 11.509 23.550 22.646 32.546 22.807
40 16.570 18.539 35.109 30.754 42.294 31.431
50 20.970 26.134 47.104 37.870 50.077 38.272
60 25.328 33.020 58.348 44.361 60.329 44.944
70 29.553 38.970 68.523 50.286 71.876 50.745
80 33.576 44.282 77.858 55.672 86.867 56.286
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(a) Due to temperature change in a bridge from winter to summer.
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(b) Due to change of the coupling stiffness together with bending after warming.
Fig. 6.16: Typical elastic and plastic regions of the coupling interface.
where
√
EAc = k0 = k1 is the elastic stiffness of the rail. This situation can be used to check
the correctness of the calculated longitudinal forces.
The details of stick and slip element distribution are described in Fig. 6.16(a) for seasonal tem-
perature change and Fig. 6.16(b) for a change of the coupling stiffness together with bending.
Each track-bridge system is presented in a single row. The origin of the coordinate system
(0.00m) is at the left end of the bridge with the length L. The stick element is described by
a white bar whereas the black bar describes the slip element. These results are produced by
means of a pure static analysis.
As a response to the change of temperature (Fig. 6.16(a)), the slip element becomes larger as
the spring stiffness (kA) becomes harder. Here, the slip element at the fixed support becomes
smaller, whereas on the moveable end it becomes larger.
The change of the coupling stiffness together with bending shifts the slip region formerly cre-
ated by a seasonal temperature change. Fig.6.16(b) shows that the bridge region is totally elastic.
The slip element occurs on the left and right sides of the bridge. Similar to the element distri-
bution due to temperature change, the slip element becomes wider when the spring stiffness is
hardens, as illustrated in Fig. 6.18.
In accordance to Ref. [93], the element is discretized up to 2 m in order to guarantee an accurate
evaluation of the quantities of major interest such as support reaction, absolute and relative
displacements of the track and deck and rail stresses. Figures 6.17 and 6.18 demonstrate the
distribution of stick and slip element resulting from 10 cm length discretization. Consequently,
using a larger discretization can produce a different distribution and lead to an inaccurate result.
Therefore, the use of 10 cm elements are sufficient to accommodate the small stick and slip
element.
UIC[93] recommends that at least 100 m of the track on the adjacent embankment is included
in the model. On the other hand, since the rest of the track will be presented as an elastic spring
k =
√
EAc, the element should meet the elastic situation. Therefore, the parameter study in
Figs.6.17 and 6.18 using the shorter length of an adjacent element (< 100m) is sufficient to
produce an accurate result.
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Fig. 6.17: Elastic and plastic regions of the coupling interface due to warming from winter to
summer.
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Fig. 6.18: Elastic and plastic regions of the coupling interface due to warming followed by a
change of the coupling stiffness together with bending.
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6.3.2 Longitudinal support forces due to DS804
For railway bridge with ballasted track, DS804 [15] assesses the longitudinal support force
Fx,T = 8 · L in kN, (6.3)
as a function of the bridge length L.
Fig. 6.19 plots the longitudinal support forces due to the change of temperature. The evaluation
is done for various bridge lengths 30-80 m with the horizontal spring stiffness as an additional
parameter. In the same figure, the approximation value as per code DS804 is plotted, too. It is
shown that the DS804 provides a rough approximation compared to the real calculation. For
K ≥ 5 the approximation is on the unsafe side.
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Fig. 6.19: Longitudinal support forces due to temperature change. Horizontal spring stiffness
kA = K · L · 106 N/m
6.3.3 Variation of restoring forces
There is a continuous discussion concerning the value of the restoring force. In accordance to
the codes[93], German Railways uses the value of 60 kN/m whereas Netherland Railways (NS)
uses 40 kN/m for the loaded track. In this section, the dependency of the largest compression
stresses in the rail with respect to different values for the loaded restoring force ql will be studied
by including the span of the bridge as an additional parameter.
The system’s data are similar to the previous section in Tab. 6.6 with a spring elastic constant of
kA = L · 107 N/m. The constant value for the unloaded restoring force is qu=20 kN/m, whereas
the loaded restoring force ql increases by 10 kN/m starting from 40 kN/m up to 80 kN/m.
Fig. 6.20 presents the corresponding results for one cycle; ∆T → (∆C+Be)+ from ‘unloaded’
to ‘loaded’ which is the situation with the largest stresses, and followed by ∆T → (∆C +
77
Be)+→ (∆C + Be)− for the situation back to ‘unloaded’. Obviously, the dependency of the
maximum compression stresses on the variation of ql is rather insignificant. It is shown in Tab.
6.16 that the maximum compression for 40 kN/m ≤ ql ≤ 60 kN/m lies in a wide narrow band
of 22.820− 19.960 = 2.860 N/mm2.
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Fig. 6.20: Maximum stress of a ballasted track for several values of the loaded restoring force.
Load sequence : (a) ∆T → (∆C+Be)+ (b) ∆T → (∆C+Be)+→ (∆C+Be)−.
Tab. 6.16: Maximum stresses σ[N/mm2] with a constant unloaded restoring force qu=20 kN/m
and different loaded restoring forces ql=40,50,60,70,80 kN/m
L[m]
∆T → (C +Be)+ ∆T → (C +Be)+→ (C +Be)−
ql [kN/m] ql [kN/m]
40 50 60 70 80 40 50 60 70 80
30 -19.960 -20.967 -21.728 -22.329 -22.820 -13.225 -13.225 -13.225 -13.225 -13.225
40 -27.084 -28.011 -28.664 -29.151 -29.528 -18.795 -18.725 -18.667 -18.618 -18.577
50 -33.018 -33.785 -34.305 -34.681 -34.966 -23.909 -23.784 -23.692 -23.622 -23.566
60 -38.267 -38.904 -39.328 -39.631 -39.859 -28.786 -28.630 -28.522 -28.441 -28.379
70 -43.128 -43.676 -44.040 -44.300 -44.496 -33.509 -33.330 -33.208 -33.118 -33.049
80 -47.741 -48.232 -48.559 -48.794 -48.972 -38.099 -37.897 -37.760 -37.660 -37.584
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7 Continuous bridge
The following section is devoted to the continuous bridge supporting two identical slab tracks.
The bridge has one fixed support 24.5m from the left end of the bridge and three movable
supports as depicted in Fig.7.1.
In this section, a track bridge interaction is simulated by loads caused by seasonal temperature
changes followed by a sudden change of the coupling stiffness and accompanied by bending
(∆T → ∆C +Be) which is applied on both identical tracks at the same time.
x
24.5 m 24.5 m30 m
k0 k1
Fig. 7.1: System plot of multispan bridge with double track railway structure.
The system’s data are described in Tab. 7.1.
The response of the system will be evaluated by means of 3 different analyses:
– pure static,
– dynamic analysis with sudden change of the loading situation; from unloaded to loaded,
– dynamic analysis with continuous change of the loading situation; from unloaded to
loaded.
In a contrast to a simple bridge, the continuous bridge experiences a larger bending response
when a vertical load is applied only on one span than those applied on the whole bridge, as
depicted in Fig.7.2(a) and Fig. 7.2(b), respectively. In order to producing a save side result, the
loading will be simulated in 2 ways:
– Vertical loading is applied only to the 1st field,
– Vertical loading is applied to the whole bridge.
The static analysis result is presented as the plots of longitudinal stress along the system, and
the dynamic analysis will be presented as plots of maximum compression stress along the time,
for both a sudden and continuous change.
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k0 k1
(a) The 1st field of the bridge undergoes vertical load.
k0 k1
(b) All three-spans undergo vertical load.
Fig. 7.2: Loading situation on a continuous bridge.
Tab. 7.1: Geometry, material properties and loading data for triple deck track-bridge system.
Bridge
Length of the bridge L = 79 m
Cross-sectional area of the bridge-girder AB = 9.91 m2
Stiffness of the elastic support kA = 0.99 · 109 N/m
Modulus elasticity of concrete Eb = 3.35 · 1010 N/m2
Moment of inertia Ib = 5.389 m4
1980 628 3347 600 3347 628 1980
20
57
12510
1980 50
0
2856 60
0
2856 50
0
198061
9
61
9
12
56
349
280
172
Rail
Modulus elasticity of the rail ER = 21 · 1010 N/m2
Cross-sectional area of the rail 2AUIC60 AR = 15372 mm2
Coupling element
Stiffness of the unloaded track cu = 6.0 · 107 N/m2
Stiffness of the loaded track cl = 12.0 · 107 N/m2
Critical elastic relative deformation ∆u = ur − uB u˜ = 0.0005 m
Loads
Temperature change ∆t = 30K
Thermal expansion coefficient of the bridge α = 1.0 · 10−5
Vertical load on one single track q0 = 80 · 103 N/m
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Fig. 7.3: Longitudinal stress due to a change of the coupling stiffness+bending after temperature
change (∆T → ∆C +Be) on the continuous bridge. The loads are applied on the 1st
span and on the whole bridge.
The result from the static analysis presented in Fig. 7.3 shows the longitudinal rail stress pro-
duced by a sequential process (∆T → ∆C +Be) for 2 different applied vertical loads.
Here, the initial process (∆T ) dominates the stresses with a small increment of maximum com-
pression of
∆T : 41.906 N/mm2
∆T → ∆C +Be : 42.833 N/mm2
}
→ ∆ = 42.833− 41.906
41.906
= 2.21%
when the whole bridge is loaded, and a small reduction of
∆T : 41.906 N/mm2
∆T → ∆C +Be : 39.111 N/mm2
}
→ ∆ = 41.906− 39.111
41.906
= 6.67%
when the 1st span of the bridge is loaded.
Plotting the longitudinal rail stress at the right end of the bridge under static and dynamic
analyses in Fig. 7.5 shows the tendency of both dynamic responses to reach the static level. A
strongly oscillating curve refers to the sudden change of the coupling stiffness, and the smoothly
increasing curve is produced by a continuous change of the coupling stiffness.
The increment and the reduction of maximum stresses as mentioned for the static analysis
above, can be seen clearly in these figures by means of the smooth curves ∆T → (∆C +
Be)continuously. The reduction is caused by applying the vertical loads only on the first span
(Fig.7.4(a)). The increment is caused by applying the load on the whole bridge (Fig.7.4(b)).
The numerical results for both static and dynamic analyses are presented in Tab. 7.2.
As a complementary aspect, the effect of bending of the supporting structure will be studied
here. The evaluation will be completed by separately analysing the bending load and the change
of the coupling stiffness by taking the seasonal temperature change as a preceding load. The
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Fig. 7.4: Longitudinal rail stresses due to seasonal change of temperature followed by change
of the coupling stiffness accompanied by bending.
Tab. 7.2: Maximum stresses due to seasonal temperature changes followed by change of cou-
pling structure accompanied by bending ∆T → (∆C +Be) [kN/m].
∆T [kN/m]
∆T → (∆C +Be)+
vertical loads on the 1stfield vertical loads on 3 fields
static dynamic static dynamicsudden continuous sudden continuous
min -41.906 -39.111 -41.952 -41.906 -42.833 -44.493 -42.882
max 42.819 45.656 48.304 45.673 48.679 52.966 48.702
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analysis will be completed only in a static manner.
The result presented in Tab.7.3 shows the increment of maximum stresses due to a change of the
coupling stiffness (∆T → ∆C) for both situations; 1st span loading and whole bridge loading.
In contrast, the maximum stresses reduce as the bending (∆T → Be) occurs. Accompanying
the change of the coupling stiffness by bending (∆T → ∆C + Be) as already presented in
Tab.7.2 gives a moderate maximum stress value in between.
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Fig. 7.5: Longitudinal rail stresses due to seasonal temperature change followed by a change of
the coupling stiffness accompanied by bending.
83
Tab. 7.3: Maximum rail stresses characterized by static analysis due to seasonal temperature
changes followed by changes of the coupling stiffness (∆T → ∆C) and seasonal
temperature changes followed by bending (∆T → Be) in kN/m
∆T [kN/m] the 1
st span is loaded the whole bridge is loaded
∆T → ∆C ∆T → Be ∆T → ∆C ∆T → Be
min -41.906 -41.988 -38.184 -44.068 -38.866
max 42.819 43.775 42.624 49.290 41.034
7.1 Bending of supporting structure
The longitudinal stresses resulting from the bending of the supporting structure are discussed in
this section. The bending caused by a vertical live load resulting from a passing train is treated
as a single load without any preceding load.
Conforming to the condition mentioned before, the vertical live load will be applied either on
the 1st span or on the whole bridge (Fig. 7.1). A simulation of a passing train will be completed
in 2 different ways:
– two parallel trains pass by the bridge at the same time, hence the loaded stiffness law is
valid on both tracks,
– one single train passes by the bridge and in consequence, the loaded stiffness law is valid
on one track while the unloaded stiffness law is valid on the other.
The latter simulates a more realistic condition.
By assuming both tracks are loaded, applying the vertical load on the 1st span produces a larger
maximum compression and a smaller maximum tension than those on the whole bridge, as
shown in Fig. 7.6 and Tab.7.4.
A similar result is obtained for the loaded track when only one track is loaded (Fig.7.7 ).
The numerical results are presented in Tab. 7.4, where σu denotes the longitudinal stress of the
unloaded track and σl denotes the stress of the loaded track.
The effect of the bending of supporting structure (Tab. 7.4) is less dominant than the stress
resulting from seasonal temperature change (∆T ) as shown in Tabs.7.3 and 7.2.
Here applying the vertical load on the 1st span gives a larger compression than when it is applied
on the whole bridge. On the contrary, considering the bending as a subsequent load provides
an opposite results. Loading the whole bridge gives a larger result as presented in Tabs.7.3 and
7.2. From the save side point of view an evaluation of both situations should be considered.
The stresses and deformations resulting from the bending of the supporting structure are rather
small. Consequently, the system remains in an elastic condition with no presence of the plastic
element.
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Tab. 7.4: Maximum longitudinal stress of a double track bridge due to bending of supporting
structure [N/mm2].
Both track is loaded One track is loaded
1st span loaded 3 spans loaded 1st span loaded 3 spans loaded
σl σl σu σl σu σl
min -5.999 -3.387 -2.332 -2.993 -1.099 -1.693
max 3.523 3.633 1.715 1.716 1.135 1.817
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(a) The 1st field of bridge undergoes a vertical load.
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(b) The whole bridge undergoes a vertical load.
Fig. 7.6: Longitudinal stress along the bridge due to bending of the supporting structure. The
trains are passing on both tracks.
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(a) The 1st field of bridge undergoes vertical load.
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Fig. 7.7: Longitudinal stress along the bridge due to bending of the supporting structure. The
train is passing on one track.
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8 Multiple deck bridge
8.1 Double deck
The study is devoted to a steel bridge which is assembled from 2 mirrored substructures. The
system has a special condition regarding the different type of track structure along the system;
the slab track lies over the bridge and the ballasted track rests on the embankment. The system’s
data are described in Fig 8.1 and Tab. 8.1.
x
21.6 m
kA
21.6 m0.6 m
kA
k1k0
Fig. 8.1: Longitudinal section of double deck bridge structure
In this example, the track-bridge interaction simulates 3 aspects:
– the importance of the change of the coupling stiffness, by comparing the longitudinal
stresses due to seasonal temperature changes followed by bending (∆T → Be) with
those accompanied by a change of the coupling stiffness (∆T → ∆C + Be), treated
statically;
– the stress occurring from the application of braking (∆T → (∆C+Be)→ Br) followed
by accelerating (∆T → (∆C +Be)→ Br → Ac), treated statically;
– the importance of the change of the coupling stiffness characterized by temperature changes
followed by a change of the coupling stiffness accompanied by bending (∆T → ∆C +
Be) treated by a dynamic analysis with 2 different approaches, impact-like to simulate
the sudden change, and continuous change.
8.1.1 Static analysis
The static analysis will be initialized by 2 different temperature changes:
– warming, caused by the seasonal temperature change from winter to summer,
– cooling, caused by the seasonal temperature change from summer to winter.
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Tab. 8.1: Geometry, material properties and loading data for a double deck bridge system.
Bridge
Length of the bridge L = 43.8 m
Stiffness of the elastic support kA = 6 · 108 N/m
Bending stiffness EI = 7904 · 106 N/m4
Mass density of the bridge ρB = 2400 kg/m3
MMI1 of the bridge girder (4×IPBv900) Ix = 570400 cm4
Upper height of bridge girder hu = 0.455 m
Lower height of bridge girder hl = 0.455 m
Rail
Modulus elasticity of the rail ER = 210000 N/mm2
Cross-sectional area of the rail R65 AR = 16530 mm2
Mass density of the rail ρR = 7850 kg/m3
Coupling interface
Stiffness of the unloaded track on bridge cu = 6.0 · 107 N/m2
Stiffness of the loaded track on bridge cl = 12.0 · 107 N/m2
Critical relative deformation on bridge u˜ = 0.0005 m
Stiffness of the unloaded track on subsoil cu = 1.0 · 107 N/m2
Stiffness of the loaded track on subsoil cl = 3.0 · 107 N/m2
Critical relative deformation on subsoil u˜ = 0.002 m
Mass density of ballast+sleeper ρbs = 4020 kg/m3
Loads
Temperature change ∆t = ±30K
Thermal expansion coefficient of the bridge α = 1.0 · 10−5
Braking/accelerating model SW/2 p = ±35000 N/m
Vertical live load model SW/2 q0 = 150 · 103 N/m
Dynamic magnification factor Φ = 1.14
2317
bearing support
IPBv900
IPB200
1435 R65
Bridge cross-section
1 Mass moment of inertia
The importance of the change of the coupling stiffness is shown in Fig.8.2. Here taking the
change of the coupling stiffness into the loading history decreases the maximum stresses
∆T → Be : 33.606 N/mm2
∆T → ∆C +Be : 32.517 N/mm2
}
→ ∆ = 32.517− 33.606
33.606
= −3.24%
when it is preceded by warming (Fig. 8.2(a)).
Conversely, it increases the maximum stress
∆T → Be : 18.068 N/mm2
∆T → ∆C +Be : 27.055 N/mm2
}
→ ∆ = 27.055− 18.068
18.068
= 49.740%
when it is preceded by cooling (Fig. 8.2(b)). However, in both situations with and without
the change of the coupling stiffness ∆C, the maximum longitudinal stresses are produced by a
loading history that is preceded by warming.
In order to simulate the possible realistic situation, the system will be enforced by a series of
loading which starts with a seasonal temperature change. This initial condition is identified as
‘unloaded’ since there is no train passing on the bridge. Hereafter, the ‘loaded’ condition occurs
when a train is passing, and at the same time, the supporting structure is bending. During its
travel over the bridge, the train is slowed by a braking force and then accelerates when the
braking force is released.
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Fig. 8.2: Longitudinal stress due to temperature change followed by bending (∆T → Be) and
accompanied by a change of the coupling stiffness (∆T → ∆C +Be).
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In the case of warming, the preceding seasonal temperature change which is followed by the
change of the coupling stiffness together with bending (∆T → ∆C + Be) produces the max-
imum compression stress σ = −32.517 N/mm2. By adding the braking force into the sequent,
the maximum tension σ = +41.178 N/mm2 is produced . Then, as the accelerating force is
applied, the maximum stresses reduce and tend to reverse to the level registered before braking
was applied.
Concerning the symmetric structural system and loading, the loading sequence (∆T → ∆C +
Be) also produces symmetric stresses. In the next subsequence, the application and release of
the braking force produces an asymmetrical stress plot.
In the case where preceding temperature is cooling from summer to winter, applying the braking
force produces the maximum stresses for both tension σ = +36.966 N/mm2 and compression
σ = −30.552 N/mm2, as shown in Fig.8.4(b).
As well as the longitudinal stress, the elastic and plastic regions of the coupling interface for the
loading case (∆T → ∆C + Be) also occurs in a symmetric pattern, as shown in Fig. 8.3(a).
The addition of the braking force into the sequence produces an asymmetrical pattern.
A similar pattern of elastic and plastic distribution is also valid when the initial sequence is
cooling from summer to winter as shown in Fig. 8.3(b).
The numerical results for static analysis are summarized in Tab. 8.2. The tabulation shows that
the stresses initialized by warming are larger than those initialized by cooling.
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Fig. 8.3: Elastic and plastic regions of the coupling interface resulting from a serial loading case:
a seasonal temperature change (∆T ) followed by a change of the coupling stiffness
accompanied by bending (∆C+Be) followed by braking (Br) and accelerating (Ac).
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Fig. 8.4: Longitudinal stress due to serial loading cases initiated by seasonal temperature change
(∆T ) followed by change of the coupling stiffness accompanied by bending (∆C +
Be) followed by braking (Br) and accelerating (Ac).
Tab. 8.2: Longitudinal rail stress due to a change of the coupling stiffness, bending, braking and
accelerating after warming/cooling σ
[
N/mm2
]
.
warming cooling
σmin σmax σmin σmax
∆T → Be -33.606 18.921 -18.068 6.987
∆T → (∆C +Be) -32.517 15.906 -27.055 10.762
∆T → (∆C +Be)→ Br -32.194 41.178 -30.552 36.966
∆T → (∆C +Be)→ Br → Ac -30.236 12.107 -26.742 7.938
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8.1.2 Dynamic analysis
In this section, a dynamic analysis is completed for the loading history: a seasonal temperature
change from winter to summer followed by a change of the coupling stiffness from ‘unloaded’
to ‘loaded’ accompanied by bending (∆T → ∆C +Be) with 2 different approaches, a sudden
change and a continuous change of the coupling stiffness.
Fig. 8.5 plots the maximum compression which is denoted by σmin and maximum tension
denoted by σmax with respect to time. It is noted that the maximum stress did not occur at the
same point during the process, rather it changes dynamically from one point to another.
The maximum stress location will be deduced from the previous example, which illustrates the
tendency of the stresses resulting from the dynamic analysis to reach the static level.
Considering the static result in Fig.8.4(a), the maximum compression due to temperature change
is located at 21.6 m. In addition, since the system and load are symmetric, its mirrored point
at 22.2 m also produces a maximum compression. Applying the following load caused by a
change of the coupling stiffness, yields the maximum compression at both 14 m and at 29.8 m.
Fig.8.5 is used to illustrate the locations of the maximum compression and maximum tension.
Both tension and compression are plotted by means of 3 stresses:
– maximum stresses resulting from static analysis, that are: σ0,static at 0 m for tension and
σ14,static at 14 m for compression,
– maximum stresses resulting from dynamic analysis, that are: σmax,dynamic for tension and
σmin,dynamic for compression,
– stresses resulting from dynamic analysis, that are: σ0,dynamic at 0 m for tension and
σ14,dynamic at 14 m for compression.
As a result, Fig.8.5(a) shows that stress at 14 m σ14,dynamic increases with respect to time and
tends to coincide with the maximum compression σmin in about 0.3 sec.
Using a similar procedure as that used for compression, the maximum tension is found to occur
at point 0.00m or at its mirrored point at 43.8 m due to the change of the coupling stiffness ac-
companied by bending. Fig.8.5(a) shows that the location of maximum tension slightly moved
to 0.00 m, as indicated by the tendency of σ0,dynamic to reach σmax,dynamic.
Dynamic evaluation of a sudden change as described in Fig.8.5(b) gives similar tendencies
as those from the continuous approach; the dynamics tend to reach the statics level, for both
maximum tension and compression. Instead of smoothly reaching the static, the sudden change
highly oscillates during the process.
Tab. 8.3: Longitudinal rail stress due to a change of the coupling stiffness accompanied by bend-
ing after seasonal temperature change σ
[
N/mm2
]
proceeded by a dynamic analysis.
σmin σmax
∆T → (∆C +Be)dyn,continuous -33.180 16.197
∆T → (∆C +Be)dyn,sudden -55.184 37.127
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(a) Continuous change of the coupling stiffness.
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Fig. 8.5: Longitudinal stress due to seasonal temperature change (∆T ) followed by change of
the coupling stiffness accompanied by bending (∆C +Be).
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8.2 Triple deck bridge
In the following example, a bridge consisting of three simply supported decks with two identical
slab tracks resting on it is analysed. As a result of a train passing over the bridge, an interaction
between the track and bridge will occur.
x
24.5 m 24.5 m30 m
kA1 kA3kA2
k0 k1
Fig. 8.6: System plot for a triple deck bridge with a double-track
The track-bridge system is shown in Fig. 8.6 and its data are described in Tab. 8.4.
Tab. 8.4: Geometry, material properties and loading data for triple deck track-bridge system.
Bridge
Length of the bridge L = 79 m
Cross-sectional area of the bridge-girder AB = 9.91 m2
Stiffness of the elastic support kA1 = kA2 = kA3 = kA kA = 0.33 · 109 N/m
Modulus elasticity of concrete Eb = 3.35 · 1010 N/m2
Moment of inertia Ib = 5.389 m4
1980 628 3347 600 3347 628 1980
20
57
12510
1980 50
0
2856 60
0
2856 50
0
198061
9
61
9
12
56
349
280
172
Rail
Modulus elasticity of the rail ER = 21 · 1010 N/m2
Cross-sectional area of the rail 2AUIC60 AR = 15372 mm2
Stiffness of the unloaded track cu = 6.0 · 107 N/m2
Coupling interface
Stiffness of the loaded track cl = 12.0 · 107 N/m2
Critical elastic relative deformation ∆u = ur − uB u˜ = 0.0005 m
Loads
Temperature change ∆t = 30K
Thermal expansion coefficient of the bridge α = 1.0 · 10−5
Vertical load on one single track qBe = 80 · 103 N/m
This section is devoted to the influence of the change of the coupling stiffness. The change
will be treated only statically because there is almost no difference when it is compared to the
continuous dynamic procedure as illustrated in the previous chapters. The loading state of the
system is always the same for both tracks. It simulates a situation where trains are passing on
both tracks at the same time.
Fig. 8.7 shows the stress along the bridge caused by seasonal temperature changes followed by
2 cycles due to the change of the coupling stiffness including the bending of the bridge deck.
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Fig. 8.7: Longitudinal stress and elastic-plastic regions resulting from multiple loading cycles.
Tab. 8.5: Maximum longitudinal stress of the triple deck bridge due to seasonal temperature
change followed by 2 sets of loading cycles σ
[
N/mm2
]
Load σmin σmax
∆T -26.251 21.088
.→ (∆C +Be)+ -26.269 24.326
..→ (∆C +Be)− -26.277 20.977
...→ (∆C +Be)+ -26.241 24.254
....→ (∆C +Be)− -26.278 20.974
The development of the elastic regions along the bridge during the load sequence is indicated
by intervals +—-+ at the bottom of Fig. 8.7 . The maximum stresses are summarized in Tab.
8.5.
The plot of the ‘unloaded’ situation from the 1st cycle noted by ‘u1’ has a similar plot to the
‘unloaded’ situation from the initial case of change of temperature noted by ‘∆T ’, or the plot
of the ‘1st loaded’ condition (l1) with the ‘2nd loaded’ condition (l2).
Comparing the maximum stress due to temperature change with the 1st unloaded condition
gives a difference of ((..→ (∆C +Be)−) −∆T ) = 26.277− 26.251 = 0.026 N/mm2.
The influences of a half cycle from ‘unloaded’ to ‘loaded’ as well as of a full cycle from ‘un-
loaded’ to ‘loaded’ and back to ‘unloaded’ on the maximum stresses after a seasonal tempera-
ture change is almost negligible.
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8.2.1 Variation of restoring force
Code [17] recommends a restoring force value of qu = 30 kN/m for the unloaded slab track
and ql = 60 kN/m for the loaded slab track if a plastic situation, with slipping between track
and bridge deck, occurs. Here the values for ql are modified starting from ql = 40 kN/m until
ql = 80 kN/m in order to observe the influence of the resulting stresses on the rail in Fig. 8.8.
There the curves indicated by ‘loaded’ refer to the loaded situation (∆T → (∆C + Be)+)
during the first cycle. The other curves identified by ‘unloaded’ refer to the values when the first
cycle has been completed. The largest influence can be seen for the tension stresses, whereas
the compression stresses remain nearly constant. The precise values for the largest stresses are
summarized in Tab.8.6.
These results agree with those for the simply supported bridge presented in Subsec.6.3.3, the
variation of restoring force results in a narrow band of 26.958 − 25.193 = 1.045 N/mm2 for
maximum compression and of 26.213− 22.018 = 4.195 N/mm2 for maximum tension.
Tab. 8.6: Maximum stresses after 1st cycle of loading with a constant unloaded restoring force
qu=30 kN/m and different loaded restoring forces ql=40,50,60,70,80 kN/m
∆T → (C +Be)+ ∆T → (C +Be)+→ (C +Be)−
ql [kN/m] ql [kN/m]
40 50 60 70 80 40 50 60 70 80
min -25.193 -25.800 -26.269 -26.647 -26.958 -26.176 -26.216 -26.277 -26.269 -26.268
max 22.018 23.233 24.326 25.311 26.213 20.959 20.965 20.977 20.985 20.992
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Fig. 8.8: Rail stresses along the bridge for different loaded restoring forces ql=40,50,60,70,80
kN/m.
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8.2.2 Comparison with the continuous bridge
The bridging function of a continuous bridge described in Sec.7 can be substituted with a triple
deck bridge presented in this section. In the following section, the advantages of the rearrange-
ment of the bridge deck is demonstrated.
Arranging the bridge deck as a series of short decks reduces the expansion length. The ex-
pansion length of a continuous bridge is 54.5 m, whereas the triple deck bridge is only 30 m
length.
The maximum compression due to a change of temperature of the supporting structure for the
continuous bridge is 41.906N/mm2 (Tab. 7.2) whereas for a triple deck bridge it is 26.251N/mm2
(Tab. 8.5). Here, the longitudinal stress decreases
41.906− 26.251
41.906
= 37.357%.
The following loading situation that is the change of the coupling stiffness together with bend-
ing, gives 42.833 N/mm2 for a continuous bridge and 26.269 N/mm2 for triple deck bridge.
Taking the advantage of the short expansion length in a triple deck bridge, the longitudinal
stress caused by temperature change can be remarkably reduced. Since the stresses due to
temperature change dominates the combined stress, reducing the stress due to temperature will
also effectively reduced the overall combined stress.
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9 Altmühl bridge
The following example is devoted to an existing bridge upon the river Altmühl on the high-
speed line from Nuremberg to Ingolstadt in Germany as shown in Fig. 9.1. This railway bridge
is atypical because two different types of tracks, a slab track and a ballasted track, run along the
same bridge. Each one has an individual nonlinear stiffness law as depicted in Fig. 2.3.
x
24.5 m 24.5 m30 m
k0 k1
Fig. 9.1: System plot for two-railway tracks; ballasted and slab track constructed on the bridge
over Altmühl river.
The placement of a hinge support in the mid-span enables the deck to expand or move in both
the left and right directions. As both tracks are coupled by means of a bridge deck, loading one
track will affect the other one.
The system’s solution to an unloaded track due to loading on the other track is shown in 3
different analyses:
– static analysis,
– sudden, impact-like change with dynamics,
– continuous change within a time-period T with dynamics.
The results are presented in Tab.9.2 for one train passing on the bridge, whether on a slab or
ballasted track. The loading history applied is a seasonal temperature change from winter to
summer denoted by ∆Tu followed by a change of the coupling stiffness ∆C from ‘unloaded’
to ‘loaded’ without involving the bending of the bridge deck.
The subscript u refers to the ‘unloaded’ situation where there is no presence of a vertical load
from a passing train whereas ‘loaded’ describes the presence of the vertical load from a passing
train on the bridge.
The first row dedicated to ∆Tu shows the stresses caused by ‘warming’ without any load from
passing trains. Therefore, the same stresses appear twice. The maximum compression occurs
at the right moveable support whereas the maximum tension is located about 33 to 38 m from
the left-end of the bridge.
The longitudinal stress produced by a static analysis is plotted in Fig.9.2.
Fig.9.2(a), caused by a passing train on the ballasted track, shows the relatively small different
stresses that exist between the loaded ballasted track σ = 31.448 N/mm2 and unloaded slab
track σ = 34.016 N/mm2.
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Tab. 9.1: Geometry, material properties and loading data for Altmühltal
track-bridge system.
Length of the bridge L = 79 m
Cross-sectional area of the bridge-girder AB = 9.914 m2
Stiffness of the elastic support kA = 0.5 · 108 N/m
Modulus elasticity of the bridge Eb = 3.4 · 1010 N/m2
Moment of inertia of the bridge Ib = 5.389 m4
Modulus elasticity of the rail ER = 21 · 1010 N/m2
1980 628 3347 600 3347 628 1980
20
57
12510
1980 50
0
2856 60
0
2856 50
0
198061
9
61
9
12
56
349
280
172
Slab track
Cross-sectional area of the rail 2AUIC60 ARs = 15372 mm2
Stiffness of the unloaded track cus = 6.0 · 107 N/m2
Stiffness of the loaded track cls = 12.0 · 107 N/m2
Critical elastic relative deformation ∆u = ur − uB u˜s = 0.0005 m
Ballasted track
Cross-sectional area of the rail 2AS54 ARb = 13896 mm2
Stiffness of the unloaded track cub = 1.0 · 107 N/m2
Stiffness of the loaded track clb = 3.0 · 107 N/m2
Critical elastic relative deformation ∆u = ur − uB u˜b = 0.002 m
Loads
Temperature change ∆t = 30 K
Thermal expansion coefficient of the bridge α = 1.0 · 10−5
Damping value D = 0.01
Tab. 9.2: Maximum longitudinal stress of the double track bridge due to a change of the cou-
pling stiffness after temperature change. Corresponding stiffness kA = 0.5 · 108 N/m.
Loading case
Ballasted track is loaded Slab track is loaded
Ballasted track Slab track Ballasted track Slab track
σmin σmax σmin σmax σmin σmax σmin σmax
N/mm2 N/mm2 N/mm2 N/mm2 N/mm2 N/mm2 N/mm2 N/mm2
∆Tu -21.975 29.077 -33.981 41.681 -21.975 29.077 -33.981 41.681
∆Tu → ∆Cstatic -31.448 45.127 -34.016 41.663 -22.011 29.064 -36.350 48.290
∆Tu → ∆Cdyn,sud -35.721 59.406 -34.588 41.743 -22.112 29.095 -37.760 52.906
∆Tu → ∆Cdyn,cont -31.481 45.306 -34.053 41.686 -22.016 29.077 -36.366 48.315
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(a) Ballasted track is loaded.
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(b) Slab track is loaded.
Fig. 9.2: Longitudinal stress along the bridge due to the change of stiffness after temperature
change (∆T → ∆C) with static analysis.
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A significant difference occurs when the train passes on a slab track; σ = 22.011 N/mm2 at an
unloaded ballasted track and σ = 36.350 N/mm2 at a loaded slab track (Fig.9.2(b)).
Due to temperature change, both tracks have a typical elastic and plastic distribution of the
coupling interface along the bridge with a 10-23 m elastic region in the middle of the bridge as
is shown in Fig. 9.3. As the train passes on one track, the loaded track produces a greater elastic
element along the bridge, meanwhile the unloaded track produces plastic coupling in about the
first half of bridge length as sketched in Fig. 9.4.
The elastic and plastic regions of the coupling interface are evaluated in the static situation.
0.00 49.00 79.00
-6.75 89.00
26.00
33.25 42.50
slab track
ballasted track
slip/plasticstick/elastic
Fig. 9.3: Elastic and plastic regions of the coupling interface due to a change of temperature.
0.00
42.50
79.00-1.00
89.00
83.75
slab track
ballasted track
(a) Ballasted track is loaded.
0.00 49.00 79.00
-8.00 90.25
slip/plasticstick/elastic
ballasted track
slab track
(b) Slab track is loaded.
Fig. 9.4: Elastic and plastic regions of the coupling interface due to change of stiffness after
temperature produced from static analysis.
Figs. 9.5 and 9.6 plot the results from 3 analyses: static, dynamic with a sudden change of
stiffness approach and continuous change approach.
Fig. 9.6 shows the longitudinal stress at the moveable end caused by a passing train on a
ballasted track. The sudden change strongly oscillates from the very beginning with a tendency
to reach the static level, whereas the continuous change alters in a smooth oscillation. Those
tendencies are valid whether the track is loaded or not. However, the plotted stresses move
within the small range from 34.6 N/mm2 to 33.3 N/mm2 for an unloaded track and a rather big
range from 22 N/mm2 to 36 N/mm2 for a loaded track.
Similar results are produced when the train passes on the slab track as shown in Fig. 9.6. Here,
the rail stress in an unloaded ballasted track oscillates within a very small range of 0.18N/mm2,
and the rail stress in a loaded track oscillates within a range of 5 N/mm2. Even though the
ballasted track is unloaded, it oscillates with a small amplitude.
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The maximum stresses for both compression and tension are summarized in Tab. 9.2.
It is clearly described that both the element distribution and the stresses of the unloaded track is
influenced by the other loaded track. Therefore, a complete modeling should be completed to
produce an accurate result.
Using elements with length of 10 cm as used in the previous chapter provides a large number of
degrees of freedoms that leads to a longer calculation running time particularly for a dynamic
analysis. On the other hand, taking too large an element length can ignore accuracy. Thus, the
use of a 25 cm length of element for this example is the realistic choice to accommodate both
the running time and accuracy.
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(a) Ballasted track.
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(b) Slab track.
Fig. 9.5: Longitudinal stresses due to seasonal temperature changes followed by a change of the
coupling stiffness using 3 different analyses, pure static, dynamic with both a sudden
and a continuous change of the coupling stiffness. The ballasted track is loaded.
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(b) Slab track.
Fig. 9.6: Longitudinal stresses due to seasonal temperature changes followed by a change of the
coupling stiffness using 3 different analyses, pure static, dynamic with both a sudden
and a continuous change of the coupling stiffness. The slab track is loaded.
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9.1 Multiple cycle of loads
This example deals with the influence of multiple passing-cycles on rail-stresses. Here ‘warm-
ing’ is followed by a pair of changes of coupling stiffness; from the unloaded to loaded and
reverse from the loaded to unloaded. This first cycle is followed by two more.
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(a) Ballasted track.
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(b) Slab track.
Fig. 9.7: Rail stress at the right-end of the bridge due to repetitive train-passings on the ballasted
track.
Figure 9.7 presents the compression rail stress at a moveable support caused by a passing train
on the ballasted track. Fig. 9.8 present results for when the train is passing on slab track.
Figs.9.7(a) and 9.8(b) show the stresses on the rail on which a train passes. Stress caused by
the temperature change initializes the process at point 1 where the coupling interface is in a slip
condition. The incremental stress due to a change of the coupling stiffness from unloaded to
loaded is represented at point 2, followed by point 3 where the system returns from loaded to
the unloaded condition, caused by the leaving of the train. One cycle, 1-2-3, builds a complete
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(b) Slab track.
Fig. 9.8: Rail stress at the right-end of the bridge due to repetitive train-passings on the slab
track.
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situation from unloaded-loaded-unloaded. Two more cycles, 3-4-5 and 5-6-7, take place in a
common, narrow stress-band while the remaining stresses after each cycle does not exceed the
stresses caused by ‘warming’.
Corresponding results for the unloaded track on which the train does not pass are illustrated
in Figs. 9.7(b) and 9.8(a). Starting with temperature change (point 1) the stress increase as a
result of a change of the coupling stiffness from unloaded to loaded (point 2), and the coupling
interface remains in slip condition. On the way back to unloaded the coupling element deforms
into the opposite direction; thus the stress at point 3 decreases. Further cycles, 3-4-5, 5-6-7 are
restricted to a narrow band. After some cycles, the stresses in the unloaded rail are lower than
after ‘warming’.
9.2 Influence of the spring stiffness
The longitudinal spring stiffness value plays an important role to simulate the behaviour of
the structure. Therefore, this example uses the longitudinal spring stiffness of the supporting
structure as a parameter to asses the characteristics of the constructed bridge.
Conforming to the loading situation mentioned above, the system will experience loading as
a result of a change of the coupling stiffness which is preceded by a seasonal temperature
change by means of 3 different analyses; pure static, sudden change and continuous change
with dynamics. The loaded condition is simulated by a passing train on one track while the
other one remains unloaded.
The stresses plotted in Figs. 9.9 and 9.10 illustrates the dependencies of a maximum longi-
tudinal stress to the spring stiffness. In general, the maximum stress becomes larger as the
longitudinal spring stiffness of the supporting structure kA becomes harder. The impulse-like
load caused by the sudden change of the coupling stiffness creates a remarkable additional
stresses in the system as depicted in the stress plot of the loaded tracks; Fig.9.9(a) for ballasted
track and Fig.9.10(b) for slab track. A significant increment of compression stresses occur in
the range of spring stiffness of 0.5 · 108 up to 1.0 · 109 N/m, hereafter the stresses increased
slightly. In contrast to compression stresses, the maximum tensile stresses increase but only by
a small amount.
The numerical results are provided in Tabs. 9.3-9.6.
Tab. 9.3: Maximum longitudinal stress of double track bridge due to a change of the coupling
stiffness after temperature change. Corresponding stiffness kA = 1.0 · 108 N/m.
Loading case
Ballasted track is loaded Slab track is loaded
Ballasted track Slab track Ballasted track Slab track
σmin σmax σmin σmax σmin σmax σmin σmax
N/mm2 N/mm2 N/mm2 N/mm2 N/mm2 N/mm2 N/mm2 N/mm2
∆Tu -23.671 29.143 -35.894 41.821 -23.671 29.143 -35.894 41.821
∆Tu → ∆Cstatic -32.930 45.170 -35.940 41.798 -23.725 29.126 -38.219 48.415
∆Tu → ∆Cdyn, sud -37.475 58.407 -36.774 41.925 -23.878 29.170 -40.185 53.031
∆Tu → ∆Cdyn, cont -32.980 45.333 -35.987 41.828 -23.733 29.143 -38.248 48.439
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(a) Ballasted track.
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(b) Slab track.
Fig. 9.9: Maximum longitudinal rail stress with respect to different elastic spring stiffness due
to seasonal temperature change followed by a change of the coupling stiffness (∆T →
∆C). The ballasted track is loaded.
108
-40
-30
-20
-10
 0
 10
 20
 30
 40
 0  10  20  30  40  50  60
M
a x
i m
u m
 l o
n g
i t u
d i
n a
l  r
a i
l  s
t r e
s s
 σ
 
[ N
/ m
m2
]
Elastic stiffness kA [×108 N/m]
 
∆Tu→∆Cstatic
∆Tu→∆Csudden
∆Tu→∆Ccontinuous
(a) Ballasted track.
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(b) Slab track.
Fig. 9.10: Maximum longitudinal rail stress with respect to different elastic spring stiffness
due to seasonal temperature change followed by a change of the coupling stiffness
(∆T → ∆C). The slab track is loaded.
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Tab. 9.4: Maximum longitudinal stress of double track bridge due to a change of the coupling
stiffness after temperature change. Corresponding stiffness kA = 5.0 · 108 N/m.
Loading case
Ballasted track is loaded Slab track is loaded
Ballasted track Slab track Ballasted track Slab track
σmin σmax σmin σmax σmin σmax σmin σmax
N/mm2 N/mm2 N/mm2 N/mm2 N/mm2 N/mm2 N/mm2 N/mm2
∆Tu -28.023 29.515 -40.757 42.550 -28.023 29.515 -40.757 42.550
∆Tu → ∆Cstatic -36.580 45.394 -40.802 42.530 -28.085 29.498 -42.908 49.055
∆Tu → ∆Cdyn, sud -44.491 58.687 -42.025 42.873 -28.305 29.584 -45.834 53.668
∆Tu → ∆Cdyn, cont -36.686 45.537 -40.857 42.571 -28.090 29.515 -42.933 49.078
Tab. 9.5: Maximum longitudinal stress of double track bridge due to a change of the coupling
stiffness after temperature change. Corresponding stiffness kA = 1.0 · 109 N/m.
Loading case
Ballasted track is loaded Slab track is loaded
Ballasted track Slab track Ballasted track Slab track
σmin σmax σmin σmax σmin σmax σmin σmax
N/mm2 N/mm2 N/mm2 N/mm2 N/mm2 N/mm2 N/mm2 N/mm2
∆Tu -29.245 29.687 -42.131 42.878 -29.245 29.687 -42.131 42.878
∆Tu → ∆Cstatic -37.594 45.496 -42.162 42.863 -29.293 29.676 -44.190 49.341
∆Tu → ∆Cdyn, sud -46.234 58.815 -43.316 43.247 -29.537 29.765 -47.595 53.955
∆Tu → ∆Cdyn, cont -37.721 45.631 -42.220 42.906 -30.518 29.902 -44.364 49.341
Tab. 9.6: Maximum longitudinal stress of double track bridge due to a change of the coupling
stiffness after temperature change. Corresponding stiffness kA = 5.0 · 109 N/m.
Loading case
Ballasted track is loaded Slab track is loaded
Ballasted track Slab track Ballasted track Slab track
σmin σmax σmin σmax σmin σmax σmin σmax
N/mm2 N/mm2 N/mm2 N/mm2 N/mm2 N/mm2 N/mm2 N/mm2
∆Tu -30.506 29.899 -43.551 43.290 -30.506 29.899 -43.551 43.290
∆Tu → ∆Cstatic -38.630 45.618 -43.560 43.618 -30.521 29.896 -45.469 49.699
∆Tu → ∆Cdyn, sud -46.607 58.973 -44.697 43.721 -30.845 30.095 -48.533 54.318
∆Tu → ∆Cdyn, cont -38.713 45.763 -43.618 43.319 -30.530 29.909 -45.496 49.726
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10 Coupling stiffness from measurements
Measurements, especially for a loaded track-bridge interaction, are highly desirable in order to
verify the coupling stiffness given in EC-1[24].
This chapter is devoted to the evaluation of the coupling stiffness using measured data from
German Railways on the bridge over Altmühl river, Germany, on the new high-speed line
Nuremberg-Ingolstadt. The measurement were conducted on 11th − 12th July 2006 [14].
10.1 Measurement set up
The system mentioned above is characterized by some special conditions:
– There are two different tracks on the bridge; a slab track with UIC 60 rail on the direction
line, and a ballasted track with S54 rail over B70 W54 sleeper on the pass-by track.
– The transition zone from ballasted track to slab track is in between measuring point A30
and A40, and the ballast is glued.
– The reference points for the measurement are A10, A20, A30 and A40 on the bridge area
and A0 and A5 on embankment area, as described in Tab. 10.1 and Fig.10.1. The mea-
surement considers the rail expansion, deformation of a rail, sleeper and supporting plate.
Tab. 10.1: Coordinates of reference points for measurement on the bridge over Altmühl river in
m.
Point ballasted track slab track
A0 -6.07 -6.44
A5 -3.03 -3.19
A10 1.84 4.12
A20 27.02 25.55
A30 54.62 55.54
A40 76.79 76.86
– The recorded frequency is set to 1200 Hz for all channels in order to achieve high preci-
sion data.
– The recording data is classified in two types:
1. Data from passing train on one track
The passing train gives a loaded condition to one track but the other track remains
in an unloaded condition. Typically, the recording of the data is within 10 seconds.
2. Due to temperature change
Both tracks, a ballasted track and a slab track, are in an unloaded situation. The
measurement is recorded within 10 seconds in 15 minutes intervals.
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A10 A20 A30 A40
Fig. 10.1: System plot for two-railway tracks; ballasted and slab track constructed on the bridge
over Altmühl river.
– The feedback frequency from electrical power current of
50
3
Hz influenced the recorded
data significantly. In order to reduce this perturbance frequency, a frequency filtering
scheme by means of Fourier transform is applied in the frequency range of 16.556-16.778
Hz. Hereafter, the evaluation of measured data is based on the filtered data.
– The longitudinal rail stresses are obtained by means of stress-strain relationship:
σi = E · ²i/2.6, E = 2.1 · 1011 N/m2, (10.1)
where σ is the longitudinal stress, ² denotes the strain from measurement and subscript i
refers to the reference point i. The value of 2.6 is a calibration factor for the electronic
signal.
– The measurement set-up is completed once at the beginning. Afterwards all recording is
completed without calibration.
– The ballast structure is glued to enable stiffness adaptation in the rail fastenings and in
the ballast, and finally, governs a multi stage transition stiffness from ballasted track to
slab track [30, 71, 2, 26].
– The sensor equipment is set up in the neutral axis of the rail (Fig. 10.2) in order to produce
a pure axial force.
rail
measuring 
point
Fig. 10.2: Set up sensor at the rail.
– The ballasted track is not on the main track line, but it forms a short branch in the main
slab track line for overpassing trains. The situation is sketched in Fig. 10.3
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slab track
ballasted track
Nürnberg Ingolstadt
Fig. 10.3: Railway track on the bridge over Altmühl river plan.
10.2 Data analysis
The velocity of a train is evaluated by using data from different points when the first wheel
arrives at these points. This situation can be described by taking Figs.10.5 as an example.
Owing to the absolute time when the first peak occurs on 2 recorded data-sets, tw1 at point A0
(Fig.10.5(a)) and tw3 at point A5 (Fig.10.5(b)), the time difference can be found in between
these points. Hence, the velocity can be formulated as:
v =
∆l
tw3 − tw1 , (10.2)
where ∆l is the distance between A0 and A5; tw1 and tw3 are the absolute time instant when the
first peaks occur at points A0 and A5, respectively.
Alternatively, the evaluation of the speed of the train can be done by using the known wheel
distance of the train. From recorded data at only one point, the time difference between 2 peaks
can be found. Two peaks w1 and w2 with corresponding time tw1 and tw2 from Fig. 10.5(a)
are taken as an example to describe the situation. As the distance between bogies is known, the
velocity is:
v =
∆lw
tw2 − tw1 , (10.3)
where ∆lw is the distance between two bogies. tw1 is the time when the first peak appears
followed by the second peak at time tw2.
In order to check the results in Tab. 10.2 which are based on Eq. (10.2), the data shown in
Fig.10.5(a) will be evaluated by means of Eq.(10.3). Fig.10.5(a) shows the longitudinal rail
stress at point A0. The value w1 is caused by the arrival of the front wheel of the first bogie
and w2 occurs when the front wheel of the second bogie arrives. The distance of these bogies is
17.375m [55], as shown in Fig.10.4.
By taking tw1 = 867.55 and tw2 = 1074.17, the velocity is:
v =
17.375
1074.17− 867.5 = 84.07 · 10
−3 m/ms = 302.66 km/h, (10.4)
which satisfies Tab.10.2.
The recorded data on the track subjected to the passing train periodically contains extremely
large stresses (Fig. 10.7). This situation arises when the wheels touch the measuring points. It
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17.375 m
2.5 m
Bogie Bogie
Fig. 10.4: Sketch of wheel arrangement of ICE3 vehicle.
is explained by the wheel arrangement of German high-speed trains ICE3[97, 47] as shown in
Fig.10.6.
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Fig. 10.5: Longitudinal rail stress of slab track at measured points due to passing train ICE
060712_1357 at slab track.
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Fig. 10.6: Sketch of position of the wheel at point A0 and A5 and clear interval between wheel-
peaks on measured data series of ICE3 train.
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Fig. 10.7: Longitudinal rail stress at point A5. The ICE train passes on the slab track on 12th
July 2007 at 13:57.
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The evaluation of the coupling stiffness as formulated in Ch.5 involves two reference points.
Thus, considering the peaks caused by the wheels of the train, leads to the double occurrence
of the peaks. This situation is described in Fig.10.6.
Involving the huge stresses is unrealistic as they appear only locally. Therefore, the evaluation of
the coupling stiffness is taken from the clear interval in between the wheel-peaks, and the parts
after the train leaves the measured points. The good quality of the measurements is confirmed by
the very good agreement between the calculated speeds from different data in Eqs.(10.3),(10.4)
and Tab. 10.2.
Tab. 10.2: Speed of train based on the occurrence of the first peak on 2 data series [km/h]
Train train Speed of train in km/h
at vA10−A20 vA10−A30 vA10−A40 vaverage
ice_060711_1357 ballasted track 100.35 100.18 - 100.26
ice_060711_1751 slab track 231.77 239.63 - 235.70
ice_060712_0952 slab track 237.99 237.83 237.52 237.78
ice_060712_1156 slab track 298.64 298.17 298.42 298.41
ice_060712_1357 slab track 302.54 302.22 299.56 301.44
10.3 Coupling stiffness during passing trains
The study concerning the coupling stiffness during passing trains will be characterized by two
different models as discussed in Chap.5:
– single-spring model, where both the bridge and rail are coupled by means of a ballasted
track or by a fastening system in case of slab track.
– two-spring model, where the coupling stiffness is a combination of railpads and ballast,
particularly in the case of a ballasted track.
Plots of the coupling stiffness values shown in Fig. 10.8 are obtained from the situation where
the train is passing by on the slab track. Figs. 10.8(a) and (b) describe the coupling stiffness of a
ballasted track for a single-spring model and a two-spring model, respectively. The periodically
big jumps of the coupling stiffness illustrated in Fig.10.8(c) are directly related to the train
wheels.
The calculation of the coupling stiffness is based on the equilibrium of the rail element forces
acting between points A0 and A5, as described in Eq. (5.2).
In order to reduced the disturbance from the wheels, Tab. 10.3 also presents average values
for the coupling stiffness without including the peaks. Here, excluding the peaks reduces the
coupling stiffness:
with peaks : c = 1.63 · 107 N/m2
without peak : c = 1.24 · 107 N/m2
}
→ ∆c = 1.63 · 10
7 − 1.24 · 107
1.63 · 107 = 23.9%.
A comparison of the two-spring models,
two-springs : c = 2.19 · 107 N/m2
single-spring : c = 5.96 · 107 N/m2
}
→ ∆c = 5.96 · 10
7 − 2.19 · 107
5.96 · 107 = 63.25%
116
shows much smaller values for the two-spring model.
Average coupling stiffnesses in Tab.10.3, show smaller values for the loaded slab track (c =
1.24 · 107 N/m2) than for the unloaded ballasted track (c = 2.19 · 107 N/m2).
Tab. 10.3: Coupling stiffnesses c
[
N/m2
]
evaluated on embankment due to a passing train, ICE3,
on slab track.
train time
ballasted track slab track (1 spring)
1 spring two-spring overall peaks excludedrailpad ballast equivalent
ice 060711 17:51 9.31·107 5.70·107 14.7·107 4.11·107 1.11·107 -
ice 060712 09:52 4.63·107 0.76·107 0.92·107 0.42·107 1.58·107 0.72·107
ice 060712 11:56 3.44·107 1.89·107 4.19·107 1.30·107 1.93·107 1.51·107
ice 060712 13:57 6.46·107 4.05·107 10.9·107 2.95·107 1.90·107 1.50·107
average 5.96·107 3.10·107 7.68·107 2.19·107 1.63·107 1.24·107
Tab. 10.4: Coupling stiffnesses c
[
N/m2
]
evaluated on embankment due to passing train ICE3
on ballasted track.
train time
ballasted track (with two-springs) slab track
peaks included peaks excluded single-springrailpad ballast equivalent railpad ballast equivalent
ice 060711 13:57 143·107 116·107 17.7·107 9.73·107 17.2·107 6.19·107 0.73·107
10.4 Unloaded coupling stiffness
This section is devoted to evaluating the coupling stiffness of an unloaded rail. Here, the re-
sponses of the system are covered only by the daily change of temperature without any passing
trains. In contrast to the previous section, this unloaded condition provides rather uniform data
without jumps from passing wheels.
In order to evaluate the importance of each part of elastic components, railpad and ballast, the
evaluation is done by using three different approaches:
– single-spring model, with linear interpolation of rail deformation,
– two-spring model, with linear interpolation of rail deformation,
– exact formulation for an elastic element using Eq.(5.10).
The evaluation is done for 11 sets of recorded data in between 1:18pm - 6:02pm on 11th of July
2006.
Fig. 10.9 shows the coupling stiffness evaluated for the track between points A0 and A5. Here,
the results from a 5 hour investigation by using the linear deformation approach Eq. (5.2) is
plotted. The two-spring model gives a smaller value of the coupling stiffness than the single
spring model:
two-spring : c = 3.45 · 107 N/m2
single-spring : c = 9.90 · 107 N/m2
}
→ ∆c = 9.90 · 10
7 − 3.45 · 107
9.90 · 107 = 65.15%.
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(a) Unloaded ballasted track characterized by single-spring.
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(b) Unloaded ballasted track characterized by two-spring.
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(c) Loaded slab track characterized by single-spring.
Fig. 10.8: Coupling stiffness due to passing train on slab track.
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Fig. 10.9: Coupling stiffness c at ballasted track due to temperature load along 5 hours.
Tab. 10.5: Unloaded coupling stiffnesses c
[
N/m2
]
evaluated on embankment with ballasted
track.
hour
linear approach exact approach
single-spring two-spring single-springrailpad ballast equivalent
13.18 2.98·107 1.95·107 5.62·107 1.45·107 3.00·107
14.33 13.4·107 5.12·107 8.29·107 3.17·107 13.9·107
15.02 8.19·107 3.71·107 6.78·107 2.40·107 8.37·107
15.30 9.61·107 4.81·107 9.64·107 3.21·107 9.86·107
16.00 8.34·107 3.56·107 6.21·107 2.26·107 8.52·107
16.30 13.1·107 5.24·107 8.72·107 3.27·107 13.6·107
17.01 8.45·107 3.98·107 7.53·107 2.61·107 8.65·107
17.23 10.6·107 4.94·107 9.23·107 3.22·107 10.9·107
17.31 9.62·107 4.56·107 8.66·107 2.99·107 9.87·107
17.45 15.5·107 12.0·107 53.8·107 9.82·107 16.1·107
18.02 9.16·107 5.07·107 11.3·107 3.50·107 9.38·107
Average 9.90·107 4.99·107 12.3·107 3.45·107 10.2·107
Tab. 10.6: Unloaded coupling stiffnesses c
[
N/m2
]
evaluated on embankment with slab track.
hour linear approach exact approach
13.18 1.57·107 1.57·107
14.33 2.38·107 2.40·107
15.02 2.30·107 2.32·107
15.30 1.78·107 1.78·107
16.00 1.75·107 1.70·107
16.30 1.82·107 1.83·107
17.01 1.89·107 1.90·107
17.23 1.79·107 1.80·107
17.31 1.95·107 1.96·107
17.45 1.87·107 1.88·107
18.02 1.35·107 1.36·107
Average 1.86·107 1.86·107
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The exact formulation (Eq. (5.10)) produces similar results than the linear approach with a
correlation factor Q(cj) between 0.96 and 0.99.
Tab. 10.7: Comparison of the coupling stiffnesses c[N/m2] based on measurements with passing
trains.
Source Railpad Ballast
Railpad Fastening
+ballast system
Loaded situation
This thesis 9.73·107 17.20·107 6.19·107 1.24·107
Code[17, 24] - - 3.00·107 12.00·107
Grassie et.al.[40] 4.9·107 5·107 2.5·107 -
Unloaded situation
This thesis (temperature) 4.99·107 12.30·107 3.45·107 1.86·107
This thesis (loaded on the other track) 3.10·107 7.68·107 2.19·107 0.73·107
Code[17, 24] - - 1.00·107 6.00·107
The coupling stiffnesses evaluated in this thesis are significantly different from values in codes
like EC-1[24]. For a ballasted track, the unloaded stiffness found in this thesis is larger than the
one mentioned in the code:
this thesis : 3.45× 107 N/m2
codes : 1.00× 107 N/m2
}
→ ∆ = (3.45− 1.00) · 107 N/m2 = 2.45× 107 N/m2
Of course, the codes are related to a standard track structure. In contrast, the ballasted track on
Altmühl bridge shows a special situation because the ballast is glued in order to raise the stiff-
ness. Considering this particular situation, the significant larger coupling stiffness is acceptable.
The summarizing Tab.10.7 shows a smaller longitudinal stiffness for the railpad than for the
ballast. A similar tendency has been found by Grassie et.al.[40].
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Part IV
Summary and Perspective
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11 Summary
This thesis confirms that a correct incremental treatment of sequential loads for the nonlinear
track-bridge interaction results in smaller rail stresses than the linear combination mentioned in
EC-1. Consequently, the correct approach can reduce the need of expansion joints.
For series of loading due to temperature change, bending, change of coupling stiffness and
braking, the stresses resulted from temperature change dominate the loading combination.
The additional load case ‘change of the coupling stiffness’ caused by different longitudinal
resistances for a loaded and an unloaded track has been explained and evaluated by means of
slab track on simple bridge: the increase of the compression stress is in between 7.7% when
analysed statically and 9.4% when treated dynamically by assuming a continuous change. Then,
it is realistic to take the change of the coupling stiffness into consideration when evaluating the
longitudinal stress of track-bridge structure.
Owing to the different system’s data for the ballasted track and the slab track, the ballasted track
shows smaller longitudinal stresses.
The variation of the spring stiffness produces larger stresses with increasing stiffness. The eval-
uation of ballasted tracks on simple bridges shows that longer bridges produce larger stresses.
These trends happen for both the static and dynamic analysis. Here, the dynamic analysis is
characterized by both an impulse-like and a continuous approach.
Parameter studies for ballasted track on simple bridges where treating the track-bridge system
with an impulse-like change of the coupling stiffness, leads to an amplification of the compres-
sion stress up to 80%. However, the realistic situation where the change of the coupling stiffness
is modeled continuously, the increase of the stress is less than 5%.
A parameter study on Altmühl bridge shows that a significant increase of compression stresses
happens in the range of kA = 0.5 · 108 up to kA = 1.0 · 109 N/m for the longitudinal stiffness of
the support, hereafter the stresses increase slightly.
The plot of stresses in the time domain shows the tendency of the stresses produced by a dy-
namic analysis to approach the static analysis level asymptotically.
The seasonal change of temperature of the supporting structure contributes the largest part to
the longitudinal stress among the other subsequence loads, like bending, change of the coupling
stiffness or braking. Since the change of temperature load depends on the expansion length of
the bridge any reduction will decrease the longitudinal stress.
This has been demonstrated by rearranging the continuous bridge in Sec.7 into a bridge with 3
decks in Sec.8.2.
Mass accelerations involved in the dynamic analysis of the system are originating from the
masses of the track and the bridge deck. Here, the mass of the track consists of rails, sleepers
and ballast if there is any. The mass of the ballast is important because it contributes more than
80% of the track mass.
Multiple cycles following a first cycle ‘unloaded-loaded-unloaded’ with seasonal temperature
change do not change the stresses from the first cycle significantly. However, multiple cycles
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‘unloaded-loaded-unloaded’ after seasonal temperature change indicate a significant increase of
linear elastic parts along the track-bridge coupling interface. Thus the danger of deterioration
is reduced significantly.
Evaluation of the constant restoring force for an unloaded condition qu=20 N/m2 for a ballasted
track or qu=30 N/m2 for a slab track together with various restoring forces for a loaded situation
40 N/m < ql < 80 N/m shows that it has a small influence on the longitudinal stresses.
A realistic analysis for a track-bridge interaction problem due to sequential loads should start
with seasonal temperature change of the supporting structure without any load from a passing
train, followed by change of the coupling stiffness accompanied by bending of the supporting
structure when the train is passing the bridge. The seasonal change of temperature should
consider two situations, warming due to temperature change from winter to summer and cooling
due to temperature change from summer to winter.
Bar elements with 10 cm are small enough to achieve accurate quantities of major interest such
as absolute and relative displacements of track and decks and rail stresses.
However, in order to obtain an accurate result and a moderate calculation time, the large number
of degrees of freedom can be reduced. Section 9 shows that 25 cm elements to evaluate the
double track with 79 m are able to give acceptable results.
Even though Altmühl bridge with a ballasted and a slab track is rather uncommon, the evaluation
presented in Chap.9 shows the influence of change of the coupling stiffness on one track onto
the other unloaded track.
Concerning the bending of the supporting structure, the arrangement of the applied vertical
load should be considered in order to produce the biggest effect on the stresses. As is shown in
Sec.7.1, arranging the vertical load only on the 1st span produces a larger result than applying
the load along the whole bridge. The opposite situation happens when bending together with
change of the coupling stiffness has to be considered. In this case, the maximum stress occurs
when the whole bridge is loaded.
The formulation for evaluating the coupling stiffness from measurement is deduced from both
an exact analysis and a linear interpolation approach. The exact formulation of the coupling
stiffness gives a similar result to that obtained from a linear interpolation. The difference is
between 1% and 4%.
The elastic coupling on ballasted tracks consists of railpads and ballast which are coupled to-
gether by means of sleepers. Thus, it is realistic to arrange a two-spring model. Regardless
of the presence of compound elements, the coupling stiffness is analysed as a single spring.
Analysing the coupling interface with two-spring gives smaller coupling stiffness than a single-
spring model.
The evaluation of the coupling stiffness from the field measurements on Altmühl bridge without
any load from a passing train gives of 3.45 times larger results for the coupling stiffness (cu =
3.45 ·107 N/mm2) than the one recommended by EC-1[17, 24] (cu = 1 ·107 N/mm2). Whereas,
due to a passing train the coupling stiffness (cl = 6.19 · 107 N/mm2) from measurements is two
times bigger than the values (cl = 12 · 107 N/mm2) from EC-1. These differences may be
caused partly by the glued ballast.
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Perspective
The dynamic evaluation of the system done so far treats the coupling interface as coupling
element between rail and bridge deck. The sleeper, which lies in between is not considered as
an independent element. In fact adding an additional DOF for each sleeper accompanied by a
lumped mass will help in finding better results.
In order to find reliable values for the coupling stiffness in the loaded mode much more mea-
surements should be done on track-bridge structures.
In the recent time, two new concepts of bridge structures have been mentioned. Unlike the
massive and heavy conventional bridges, they consist of slim piers with a light appearance.
In order to realize such a system, the bridge support should be very stiff at the abutments, as
depicted in Fig. 11.1(a).
The second type is characterized by a low friction interface between track and bridge structure
as shown in Fig. 11.1(b). Here, the bridge is able to deform with only little influence onto the
track structure.
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(b) Track-bridge structure with low friction interface between track and bridge.
Fig. 11.1: Novel track-bridge structures
Both future designs can be analysed by means of the methods and concepts developed in this
dissertation.
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A Bridge cross section
Consider a cross section as described in Fig. 6.13. The height x˜ is varied with respect to the
length of the bridge.
Determine the maximum deflection of a simply supported beam at the center of the span,
δ =
5
384
qol
4Φ
EI
,
which is not supposed to exceed the allowable displacement δall = L2500 :
5
384
qol
4Φ
EI
≤ L
2500
,
I ≥ 5× 2500
384
qoL
3Φ
E
. (A.1)
Equilibrating (A.1) with the moment inertia of the section :
I =
1
12
l1(a+ x˜+ b)
3 + l1(a+ x˜+ b)
(
hl − 1
2
(a+ x˜+ b)
)2
− 1
12
(l1 − l2)(x˜+ b)3 − (l1 − l2)(x˜+ b)
(
hl − 1
2
(x˜+ b)
)2
(A.2)
− 1
12
(l2 − 2d)x˜3 − (l2 − 2d)x˜
(
hl − b− 1
2
x˜
)2
,
where hl is the upper distance from the neutral axis,
hl =
1
2
l1(a+ x˜+ b)
2 − 1
2
(l1 − l2)(x˜+ b)2 − (l2 − 2d)(b+ 12 x˜)x˜
l1(a+ x˜+ b)− (l1 − l2)(x˜+ b)− (l2 − 2d)x˜ .
results in a non linear function for x˜:
f(x˜) =
1
12
l1(a+ x˜+ b)
3 + l1(a+ x˜+ b)
(
hl − 1
2
(a+ x˜+ b)
)2
− 1
12
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(
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− 1
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(l2 − 2d)x˜3 − (l2 − 2d)x˜
(
hl − b− 1
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− 5× 2500
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E
.
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The roots of the equation are evaluated numerically, for example with Newton’s method [44]:
x˜i+1 = x˜i − f(x˜i)
f ′(x˜i)
.
To avoid the first derivation, it is replaced by the first difference
f ′(x˜i) ≈ f(x˜i +∆x˜)− f(x˜i)
∆x˜
.
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B Arrangement of matrices
The track-bridge system is modeled by means of bar elements with 1 DOF in each node. Ar-
ranging the structural matrix in conventional quadratic format forms a big matrix with non zero
elements filling the 5-diagonals, last row and last column as described in Fig.B.1. All other
elements are zero. Therefore, eliminating these zero elements can remarkably reduce the size
of the matrix. One possible arrangement is to shift the mth row and the mth column of m×m
matrix into the (m
2
)th row and the (m
2
)th column. Thus, the matrix has a narrower band and
smaller dimension as described in Fig.B.2.
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Fig. B.1: Original stiffness matrix
B.0.1 Running time vs discretization
Concerning the running time of the computer application, especially in dynamics, this section
will evaluate the correlation between the element discretization and the running time. The
evaluation is devoted to find a moderate running time with accurate result.
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Fig. B.2: Banded stiffness matrix
The evaluation uses the 60m length simple bridge shown in Fig.6.1 with system’s data described
in Tab.6.4.
Simulations of the system is completed by using different element lengths hx: 10,20,30,40,50,60
and 100 cm. The system undergoes the change of temperature then followed by change of the
coupling stiffness together with bending.
Different time intervals ∆t : 0.0005 and 0.001 sec are applied as an additional parameter.
TableB.1 shows the maximum compression σ and the corresponding run-time ∆t with respect
to the length of element hx. Here, the finest rail stress σ = 40.3498N/mm2 is produced from
the finest element hx = 10cm and time interval dan ∆t = 0.0005 sec.
Figure B.3(b) shows the plot between the element length and the maximum rail stress ratio. The
stress ratio Sr is produced from:
Sr(hx,∆t) =
σ(hx,∆t)
σfinest
, (B.1)
where σ(hx,∆t) is the maximum rail stress and σfinest is the finest resulting stress σfinest =
40.3498N/mm2.
Analogous with stress ratio, Fig.B.3(b) presents the dependency of the run-time to the element
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Tab. B.1: Maximum compression σ[N/mm2] and run-time tr [hour:min:sec] with respect to the
length hx of element and time-interval ∆t
hx ∆t=0.0005sec ∆t=0.001sec
[cm] σ tr σ tr
10 -40.3498 17:26:52 -40.3510 7:11:46
20 -40.3502 2:41:30 -40.3521 1:22:59
30 -40.3552 1:19:16 -40.3600 0:38:52
40 -40.3520 0:26:50 -40.3519 0:21:31
50 -40.3570 0:16:51 -40.3566 0:13:30
60 -40.3630 0:11:31 -40.3632 0:09:19
100 -40.3840 0:07:54 -40.3860 0:03:56
length. Run-time ratio is obtained from
Tr(hx,∆t) =
tr(hx,∆t)
∆tfinest
, (B.2)
where tr(hx,∆t) is the run-time with respect to the element length and time interval. Notation
∆tfinest refers to the run-time produced by the finest element ∆tfinest = 17h : 26m : 52s.
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Using 20 cm element gives maximum rail stress σ = 40.3502N/mm2 which is 0.001% bigger
than the finest result. In contrast, the run-time reduces from tr = 17hr : 26min : 52sec to
tr = 2hr : 41min : 30sec or about 85%.
Taking an advantage of the situation, the 20 cm discretization can be applied to save the running
time without loosing precision.
141
C Fourier transformation
The Fourier transformation presented here is used to filter the measured data in Chap. 10.
The process starts with considering n pairs of data (t1, u1), (t2, u2)...(tj, uj)...(tn, un)), which
should satisfy the following conditions:
– the amount n of data should be even (Fig. C.1)
– the data are assumed to define one period, i.e. the value ,of u(t=0) = u(t=T),
– the amount of coefficients ak and bk together should be identical with n.
The coefficient ak and bk are determined as follows:
a0 =
2
n
n∑
j=1
uj,
ak =
2
n
n∑
j=1
uj cos
[
2pi
k
n
(j − 1)
]
k = 1, 2...
n
2
− 1, (C.1)
an
2
=
1
n
n∑
j=1
uj cos [pi(j − 1)] ,
bk =
2
n
n∑
j=1
uj sin
[
2pi
k
n
(j − 1)
]
k = 1, 2...
n
2
− 1.
By using the coefficient ai and bi, the discrete data series can be represented as a continuous
function of time t,
u(t) =
1
2
a0 +
n
2
−1∑
j=1
[aj cos jΩt+ bj sin jΩt] + an
2
cos
n
2
Ωt, (C.2)
with
Ω =
2pi
T
. (C.3)
Frequency domain presentation
Presenting the data series in the frequency domain is done by plotting the amplitudes Aj vs
frequency fj .
fj =
j
T
Hz,
Aj =
√
a2j + b
2
j , (C.4)
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Fig. C.1: even pairs of data
Filtering data
Excluding unwanted frequencies fj = jT from the time-signal (C.2) is done by omitting the
corresponding trigonometric pairs. Thus, the data is filtered.
More detail explanation concerning this topic can be found in [32, 85].
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D Newmark scheme
The governing equation of motion is solved by using Newmark’s scheme which has been clearly
explained in several books like [74, 10, 12]. For a system of differential equations in the time
domain,
Mv˙ +Dz˙+Kz = r, (D.1)
z˙ = v, (D.2)
where z and v denote the displacement and velocity, respectively. Newmark’s scheme generates
a transition equation between input values z0, v0 and output values z1, v1 within a time interval
with length h = t1 − t0,
Az1 = Bz0 + 2Mv0 + iR (D.3)
with
A =
2
h
M+D+
h
2
K,
B =
2
h
M+D− h
2
K,
ir =
∫ h
0
rdt. (D.4)
The actual velocity can be obtained from
v1 = (z1 − z0) h
2
− v0. (D.5)
The accelerations z¨1 are governed by the original equations of motion:
Mz¨1 = r−Dv1 −Kz1. (D.6)
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